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BBenenne

Kypc «OcuoBbl kubepHerukn» (paHee «DJIeMEHTBI KHOEP-
HETUKN» ), CO3/[aTeJeM M OCHOBHBIM JIEKTOPDOM KOTOPOTO ObLI
an.-kopp. PAH C.B. f{6nomckuit, anrtaercss na dakyabrere
BMK MI'Y c nepBbix JieT ero cyiectBoBanusg. B HacTosiIee
BpeMs OH YuTaercs B 6-8 ceMecTpax U SBJISETCH 00432 T ILHBIM
JUIst Beex 6akasiaBpoB (MHTEIPUPOBAHHBIX MATUCTPOB) HAIPAB-
nerust 01400 — «IIpuknagnas mareMaTnka U UHOOPMATUKA>.
[Ipu sTOM 006bEM U, B HEKOTOPOIl CTEIeHH, IpOorpaMMa Kypca
«OCHOBBI KHOEPDHETUKI» BAPBUPYIOTCS B 3aBUCUMOCTH OT IIPO-
.

Kypc «OcHOBBI KHOEPHETUKI» TTOCBSIIIEH W3JI0XKEHUIO TEO-
pUU JUCKPETHBIX YIIPABJIAIONINX CUCTEM, KOTOPas IIPEICTaBIIsA-
eT cobOHl YacTh JMCKPETHONH MATEMATUKH U MaTeMATHIECKON
kubepHeruku. B Heil pazpabaTbIBAIOTCS U U3y YIAIOTCS JTUCKPET-
HbIE MaTEeMaTUIeCKUEe MOJEJIM, OIUCHIBAIOIE (DYHKINOHUPO-
BaHUE W CTPYKTYPY CJIOXKHBIX CHCTEM IpeobpasoBaHust WHEPOP-
Maryu (MHTerpaJibHbIX CXeM, IIPOrpaMM U T.11.). B ocHoBe 911X
MojIesIell JIeXKaT pa3IndHbIe CIIOCOOBI 3aJaHus (DYHKIIMOHUPOBa-
HUsl YIPABJISIONIMX CUCTEM C TOMOIIBIO JTUCKPETHBIX (DYHKIUI
U UX CTPYKTYPHAsI PeaJIn3allisl B TeX WM WHBIX Kjaccax I'pa-
dos (kmaccax cxem). [lpu mcesreoBaHrN yIPABIISIIONIIX CHCTEM
CTaBSITCS W PEIIAIOTCs JIBE OCHOBHBIE 3aJ[a"d: 331298 aHAJIM3a
U 3a/la9a CUHTE3A.

3ajiavua aHaJIN3a COCTOUT B HAXOXKICHWM (DYHKIIMOHUPOBA-
HUsT TAaHHOW CXEMBI, a 3aJla9a CHHTe3a — B IIOCTPOEHUU CXEMBI,
nmerorneii (peanm3yioreii) 3aanuoe dyHKIoHnpoBanue. Kax-
Jlasi U3 9TUX 3aJ1a9 MOXKET PACCMaTpPUBATHCS JIUOO KaK WHJIH-
BHJIya/IbHAs 3aJ/[a9a, U TOTJA €€ PEIleHUeM sIBJISIeTCs KOHKPET-
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Bgenernne 5

Hoe (yHKIuoHUpoBaHue (cxema), Jimbo KaK MaccoBas 3ajada,
U TOTa ee PelIeHHeM OJKEH OBITh AJTOPUTM HAXOXKIEHUSI
dbyukumonnposanus (cxembl). 3aja4a CHHTE3a UMEET, KaK IIpa-
BUJIO, MHOYKECTBO PEIIEHU, U3 KOTOPLIX BLIOMPAIOT PEIEHUE,
ONTHUMAJIBLHOE 110 KAKOMY-JIHOO KpUTEpHIio. alle BCEro B Ka-
YeCTBE TAKOIO KPUTEPHUsl BBICTYIIAET CJIOXKHOCTb CXEMbI, TTOHU-
MaeMasl KaK CyMMa CJIOXKHOCTEH COCTABJIAIONINX €€ 3JIEMEHTOB
WA 33JIePrKKa CXEMbl, [TOHUMaeMasl KaK MaKCUMaJbHasl CyM-
Ma 3aJepKeK JIsl IOCJIeI0BATEILHO COEIMHEHHBIX 3JIEMEHTOB
CXEMBI.

C comepkaTeIbHOI TOYKN 3pEHNS Pa3INIHbIe KDUTEPUN OII-
TUMAaJIbHOCTH OTPaYKalOT pas3juyHble IapaMeTpPbl MOJIEIUPYe-
MBIX 9JIEKTPOHHBIX CXEM HJIM IIporpaMM. Tax, HalpuMep, CJI0K-
HOCTh MOXKET XapaKTepU30BaTh CTOMMOCTDH, PasMephbl WJIH II0-
Tpebisiemyto Mormaocth CBUC, a Takke Bpemsi BBITIOJTHEHUS
[IpOrpaMMBbl Ha OJHOM IIporeccope. IIpu aToM 3a1epKKa CXeMbl
xapakTepusyer BpeMmsi cpabarbiBanus CBUC uan Bpemst BbI-
ITOJIHEHNS ITPOrPAMMBI Ha MapaJjijiebHbIX IIPOoIleccopax U T. II.

Eciu 3amada cuaTe3a pellleHa B OJHON MOEN, MOYXKHO ITbI-
TaThCsI [IEPEHECTH TO PEIleHne B JIPYrhe MOJEIH C IOMOIIbIO
CTPYKTYPHOTO MOJE/JNpOBaHus. Kpome TOro, moJiydueHHOe pe-
[IEHNE MOXKHO <«YJIYYIIMTL» C IIOMOINbLIO SKBUBAJEHTHBIX IIPE-
obpasoBanwuii. C Ipyroi CTOPOHBI, eC/In 3a/1a9a CHHTE3a PellleHa
JIUIsT OTHUX (DYHKITHI, MOYKHO IIBITATHCST «Pa3bUuThy (JEKOMIIO3H-
poBaTh) HOBYIO (DYHKIMIO HA y7Ke PACCMOTPEHHbIE U IOCTPOUTH
13 CUHTE3UPOBAHHBIX JIJIsI HUX CXEM CXEMY IJIsl HOBOI (DyHKIII
C TIOMOIIIBIO ONEPAIIAN CYIIEPITO3UITHH.

YKa3aHHbBIE BBIIIE 38a91 PACCMATPUBAIOTCS B JIGKIUAX I
BCEX OCHOBHBIX KJIACCOB CXeM (JIM3bIOHKTUBHbIE HOPMAaJIbHbIE
dopMbI, HGOPMYJIBI U CXeMbI U3 (PYHKIMOHAJBHBIX JIEMEHTOB,
KOHTAKTHBIE CXEMBI), & TaKXkKe JiJIs HEKOTOPBIX MO ipUKAIit
9THUX KJIACCOB.

IlepBas riaBa mocssiieHa pa3IddHbBIM BOIIPOCAM IIPEICTAB-
JIEHUST PYHKITAHI aarebpbl JOTUKH C ITOMOIIBIO TAOJINIL ¥ U3 BIOH-



6 Bgegenue

KTUBHBIX HOPMAJIbHBIX (hOpM (MUHUMU3AIIUST U3 BIOHK THBHBIX
HOPMAaJILHBIX HOpM).

Bropas riaBa coIepKuT oIucaHue CTPYKTYPLI U PyHKIIIO-
HUPOBAHMS CXEM U3 OCHOBHBIX KJIACCOB YIIPABJISIIONINX CHUCTEM,
a TaKXKe M3 HEKOTOPBIX KJIACCOB, IIPEICTABJISIONUX CODOM WX
0b606menus nim Mogudukanun. B Heil ycTaHABINBAIOTCS BEPX-
HHE OIEHKHU YHCJIa CXEM PA3JIMIHBIX THIIOB, PACCMAaTPUBAIOTCH
HEKOTOPBIE BOIIPOCHI X CTPYKTYPHOI'O MOJETUPOBAHUSI.

Bo BTOpOIit TitaBe n3ydaroTcs Tak:Ke SKBUBAJIEHTHDIE ITPE00-
pa3oBaHUs CXEM Ha OCHOBE TOXKJECTB BO BCEX OCHOBHBIX KJIAC-
cax yIpaBjsiomux cucteM. J[isT KayK/10ro m3 HUX TPUBOUTCS
CHCTEMA «OCHOBHBIX» TOXKJECTB, JIOKA3BIBAETCS IOJTHOTA TOM
CHUCTEMBI ¥ M3Y4IaiOTCsA BOIIPOCHI €€ N30BITOYHOCTH.

B Tperneit ryiaBe mogpobHO paccMaTpHBAETCSI 3aJada CHH-
Te3a YIPaBJISIONINX CUCTEM, & TAKXKe U3yJIaroTCs OCODEHHOCTH
IIPUMEHEHUST OIePAIMU CYIEPIIO3UIUNA B PA3JIUIHBIX KJIAccax
cxeM. B Heit mpuBOINTCSI TIEJIBIM CIIEKTP METOJ/IOB CHHTE3a CXeM
(oT mpoCTERIINX 0 ACUMITOTHIECKU ONTUMAJIBHBIX ), yCTAHAB-
JIMBAIOTCsT HUXKHUE MOITHOCTHBIE oneHkn dpyHkmnuit [1lernona n
OIIEHKH CJIOXKHOCTH PsiJia KOHKPETHBIX (DYHKIHH, TOKA3bIBACTCS
MHUHUMAJbHOCTh HEKOTOPBIX CXEM.

B derBepToii ritaBe mpeicTaBIeHbI HEKOTOPBIE BOIIPOCHI Ha~
JIEZKHOCTH U KOHTPOJIsi €XeM (IIOCTPOeHUe TeCTB Jijis TabJINII,
CHHTE3 CAMOKOPPEKTHUPYIOIIUXCST KOHTAKTHBIX CXEM).



I'maBa 2

OcHoBHbBIE KJIacChI YITPABJISIONINX CACTEM.
Onenka 4mciia cxeM, UX CTPYKTYypHbBIE
IpeJiCTaB/IeHNsI. DKBUBAJIEHTHBIE
MpeoOpa30BaHUs YIIPABJISIONINX CACTEM

§1 OcHoBHBIE ITIOHATHUSI U3 Teopuu rpados, cereii,
cxem. CBoiicTBa MaTpuIl, JOCTUXKUMOCTH CeTeli,
OIleHKAa 4YH1CcJIa ceTel

[Touatue rpada, koTopoe 0000IIACT TOHATHE OMHAPHOIO OTHO-
mernsi (cM. §1 raaBbl 1), 9aCTO MCHOIB3YETCs I OIHMCAHUS
CTPYKTYPHBIX MOJIEJIEN, CBI3aHHBIX C BEITUC/IEHUSIME, TTPEJICTAB-
JIEHUSIMY WJIA DEATU3AIUSIME JTUCKPETHBIX byHKIuit. Hamom-
HUM OCHOBHBIE TIOHSITUSI U 0DO3HAYEHUsT U3 Teopun rpaos, ce-
Teil 1 cxeM, a TakxKe cHOPMyJIMPyeM HEKOTOPbIE U3BECTHBIE Pe-
sysbraThl (cM., HapuMep, [3, 27, §|).

Mapy (V, E), tne E — coderanue (¢ BO3MOXKHBIMI TIOBTOPE-
HUSIMU) HAJ| MHOYKECTBOM YIIOPSIOYEHHBIX U HEYIOPSIJIOU€HHBIX
map u3 V, OyzeM, Kak OOBITHO, HA3bIBATH 2padom ¢ MHOMCE-
cmeom eepwun V. =V (G) u muoocecmeom pebep E = E (G).
IIpm sToM mymHA codeTanns F caumraercs uncjaoMm pebdep rpada
G u obosnauaercs yepes |E|. Ynopsiiouennbie (Heyopsii0ueH-
HBbIE) TApbl BEPIINH HA3BIBAIOTCA OPUEHMUPOSAHHbIMY Pebpa-
MU W, WHAYE, 0Yy2amt (COOTBETCTBEHHO HEOPUEHMUPOSAHHL-
MU pebpamu), OJIMHAKOBBIE MAPbl — NAPAAAEALHHMU PEOPAMU
(dyeamu), ayru, OTIIMIAIONIAECS TIOPSIIKOM BEPIIUH, — NPOMU-

7
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BONONOHCHDBIMY JY2aMU, & TIAPHI U3 COBIAJIAIONINX BEPIIUH —
nemaamu. I'pad n3 OpueHTHPOBAHHBIX (HEOPUEHTHPOBAHHDIX)
pebep CYMTACTCST OPUEHMUPOBAHHLM (COOTBETCTBEHHO HEOPU-
EHMUPOBAHHDIM). 3aMETHM, 9TO OMHAPHOE OTHOIIEHUE IIPel-
craBisier coboil OpHEeHTUPOBaHHBIA Tpad 6e3 napasiebHbIX
ayr. Ilpu srom cummerpudnoe anTUpedIEKCUBHOE OTHOIIEHUE
MOYKHO paccMaTpUBaTh Kak HEOPHEHTHPOBaHHBIH rpad 6e3 na-
paJLIeIbHBIX pebep U IeTeb.

Byjiem roBopuTb, 9T0 OPHEHTHPOBAHHOE (HEOPHEHTUPOBAH-
HOE) pedpo UHYUIEHMHO COCTABJISIONINM €r0 BEPIITIMHAM, a JIyTa
(u,v) ucrodum win, nHaYE, 6LLXOOUM U3 BEPIINHBL U U 3GL00UM
WK, uHade, 6rodum B BepiuHy v. Juciao pedep, MHIUIEHTHBIX
BepInHe v (BXOJSIUX B U, BBIXOASAIIMX U3 v) B rpade G, Ha-
3BIBACTCS CMENEeHbI0 (COOTBETCTBEHHO NOAYCMENEHHIO 342000,
noaycmenenvio ucroda) Bepimubl v B rpade G u 0603HaTaETCS
aepes d¢ (v) (coorercrBenno df (v), dg (v)). BameTmm, 1To

Y. da(v) =21E(G), (1.1)

veV(G)

u ato dg (v) = df (v)+dg (v) (dg (v) = df (v) = dg (v)) B cy-
Yae OPUEHTUPOBAHHOIO (COOTBETCTBEHHO HEOPUEHTUPOBAHHOTO)
rpada G.

Bepmnnaa v HasbBaeTcsl u30auposantoli eepuunoli (cmo-
Kom, ucmokom) rpada G, ecin dg (v) = 0 (coorBercTBeHHO
dg (v) = 0, df, (v) = 0). Opuenruposannsiit rpad G HasbLI-
BaeTcs T-H4HBIM (CTporo r-muHeiM) rpadom, ecm df (v) < ¢
(coorsercrsenno dg, (v) = r) st 06O OTIMIHON OT MCTOKA
Beprmusl v, v € V (G).

I'pad G' = (V' E’) naswviBaerca nodepagom rpadba G =
= (V,E), ecru V! C V u E' C E. Ilpu stom G’ cuuraer-
cst nodepadom epada G, HAMAHYMBIM HA MHOICECTNEO GEPULUM
V', ecrm B’ Bkmodaer B cebs Bce BXojdamue B F mapbl Bep-
mmH u3 V', Tloarpad, comepxkamuii Bce BEPHIMHBI UCXOIHOTO
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rpadpa, Ha3BIBAETCSI €r0 0CMOSHVIM nodepagdom. JIerko BUIETS,
qTo moarpad Bcerga MOXKHO IOJYyUYUTh U3 MCXOIHOTO rpada B
pesysbrare (MHOIOKPATHOIO) IIPUMEHEHUsT ollepanuii yoaienus
pebpa wim ydanserus eepuuno.. 11pu 3TOM yiajieHre BepIIUHBI,
KaK OOBLITHO, IIOAPasyMeBaeT yIaJeHHue BCeX MHIMIEHTHBLIX eil
pebep.

IIpu ompeneieHny MOHATHH, CBSI3aHHBIX C «IBUMKEHUSIMU»
1o rpady, OrpaHUIUMCS CIydaeM OPHEHTHPOBAHHBIX rpados,
cumTast, Kak OOBIYHO, YTO HEOPUEHTUPOBAHHOE PEOPO IKBUBA-
JIEHTHO JBYM IIPOTHBOIIOJIOXKHBIM JIyraM, CBSI3aHHBIM C TOM »Ke
napoit Bepumd. Ilocnenosarenbaocrs C, cocrosias u3 pedep
€1, €2, ..., e, 01e e¢; = (v;,vi+1) € E (G) upu Beex i, i € [1,n],
HasbIBaeTcst (v — Vp41)-nymem rpada G. Ilpu srom Bepin-
Ha U] (Up41) CUUTAETCS HAYAALHOT (COOTBETCTBEHHO KOHEYHOU )
BEPILUHOI 9TOr0 IyTH, BEPUIUHLIL V2, . .., Un — €00 6HYMPEHHU-
MU BEPIITMHAMH, & IUCTI0 1 — ero daunotl. Kciau Bce pebpa my-
TH pa3nngHbl (KaK 3JEMEHTHI COOTBETCTBYIONIETO COYETAHNSA),
TO OH HAa3BIBAETCS UEN®IO, & €CJI, KPOME TOTO, PA3JIMIHBI BCE
€ro BepIIUHBI, TO — npocmot uenvto. Ecin Hava bHAs U KO-
HeuHast Bepiusbl 1wyt (memnu) C coBnagaor, To C' cauraercs
3amrHymovLm nymem (COOTBETCTBEHHO yukaom). Lluki, B KoTO-
POM BCe BEpILHMHBI, KPOME HAadaIbHON U KOHEYHON, Pas/iudHbI,
Ha3BIBAETCS MPOCTNBIM UUKAOM.

Bymem ropoputh, 9T0 8epuuna U JOCTMUMCUMG U3 GEPULU-
no, v 6 epage G, re u,v € V (G), ecim uw = v wim B G cyrie-
crByer (v — u)-1elb. 3aMeTHM, YTO OTHOIIEHHE JOCTHKUMOCTU
BepmuH rpacda G sBisiercss pedJIeKCUBHBIM U TPAH3UTUBHBIM,
a ecit G — HEOPUEHTUPOBAHHBINA Ipad, TO U CUMMETPUYHBIM.
CremoBaTeIbHO, MHOXKECTBO BepIuH rpada GG pacnagaercs Ha
KJIACCHI 9KBHUBAJIEHTHOCTH 110 OTHOIIEHUIO UX JOCTHKUMOCTH B
rpade @, KOTOpBIH mostydaercs u3 rpada G 3aMeHOl KaxKk ol
JIyTH Ha COOTBETCTBYIOIIEe HEOPUEHTHPOBaHHOE pebpo (G = @,
eciau G — HeopueHTupoBaHHbIil rpad). IIpu sTom noarpad rpa-
da G, HATAHYTHI HA KaXKJIblil TAKOW KJIACC BEPINUH, HA3bIBA-
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ercst cea3noti komnonenmot rpada G, a MHOKECTBO BCEX €ro
CBSIBHBIX KOMIIOHEHT obo3HadaeTcs depes ¢ (G). I'pad G naspr-
BaeTcst ceaznvim, ecn |c(G)| = 1.

Hamomuanm, aTo

[E(G)| = V(&) +]e(@)] =0 (1.2)

u 91O JieBasi 9acTh (1.2) HA3BIBAETCS YUKAOMAMUNECKUM “YUC-
aom Tpada G. HammoMHEM Tak»Ke, 9TO 3TO YHUCJIO PABHO MAKCH-
MaJIbHOMY YHCJTY JIMHEHHO HE3aBUCUMBIX OTHOCHUTEJLHO OTlepa-
L ocroBHBIX MOrpados rpada
G, coCTOANMX U3 OJHOIO MPOCTOTO IUKJIA U HU30JUPOBAHHBIX
BEPIINH.

MuoxkectBo S, KoTopoe cocrout u3 pebep rpacda G = (V, E)
u obJiaslaeT TeM CBOMCTBOM, YTO BepiinHa U, U € V| JOCTUKU-
Ma u3 Bepmubbl v, v € V| B rpade G, HO He JOCTIKUMA U3
nee B rpace (V, E\ S), nassiBaercs (ulv)-ceuenuem rpada G.
Jlerko Buzmets, uTo sobast (u — v)-menb rpada G UMeeT XOTs
6b1 0j1HO 06IIIee Pebpo ¢ JtobbiM (u|v)-cevennem 3Toro rpada.
Ceuemnre, KOTOPOE HE UMEET COOCTBEHHBIX MOIMHOYKECTB, SIBJIsI-
IOIIUXCS CEYEHUEM, HA3BIBAETCS MYNUKOEHLM.

U CUMMETPUIECKON pa3HOCTH

HeopuentupoBanustit (opreHTHPOBAaHHBI) rpad, He NMero-
Ui UKJIOB (COOTBETCTBEHHO OPUEHTUPOBAHHBIX IIUKJIOB), Ha-
3BIBAETCS AUUKAUNECKUM. 3aMETUM, 9TO B OPHEHTHDOBAHHOM
anukandeckoM rpade G Bcerga ecTh Kak CTOKH, TaK U UCTO-
ku. [Ipu 3TOM 11151 KaxKJ10ii €ro BEePIUHBI ¥ MOXKHO OIPEJIE/IUTD
ee 24ybuny (COOTBETCTBEHHO UCTO0AUYIO 2AY0UNHY ), KAK MAKCH-
MaJibHYI0 JuuHY (u — v)- (cooTBeTcTBEHHO (V — U )-) mMyTeil rpa-
da G, rie u — oAMH W3 UCTOKOB (COOTBETCTBEHHO CTOKOB) G.

Mox cummerpuueckoit pasnocTsio rpados G1 u G nonumaercs rpad
G, IJ1st KOTOPOTO

V(G)=V(G1)UV (Ga),
E(G) = (BE(G1)UE(G2)) \ (E(G1) N E(G2)).
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Jlerko BUIETH, 9YTO OTHOLIECHUE JTOCTUXKUMOCTHU SBJISIETCS OTHO-
MIEHNEM YaCTHIHOTO MOPSIIKA Ha MHOXKECTBE BEPIINH OPUEHTH-
POBAHHOIO ALMKJIMIECKOro rpada u 00paTHoO.

HeopuenTuposaHHblli CBSI3HBIN alUKINIECKUH rpad Ha3bI-
Baercsa depesom. s jpepesa (G, KaK M3BECTHO, UMEET MECTO
PaBEHCTBO

[E(G)] =V (G)]-1. (1.3)

JlepeBo ¢ BbIJIE/IEHHON BepHIMHON (KopHem) Ha3bIBAETCS KOp-
HEBbIM depesom, a BCe OTIMYHBIE OT KOPHSI BEPIMHHBI CTEITe-
HE 1 9TOrO JIepeBa CUUTAIOTCS ero Aucmuvamy. OpUeHTHPOBaH-
HBI Tpad), KOTOPBIM MOJyYaeTCsl U3 KOPHEBOI'O JiepeBa 3aMe-
HOl KaXKJIOro ero HEOPUEHTUPOBAHHOI'O pedpa HA COOTBETCTBY-
FOIIY IO JIYTY, «HAIIPABJIEHHYIO» K KOPHIO, HA3BIBAETCSI OPUEHIMU-
DOBAHHVIM 0EPEBOM.

Hepeso (opuentupoBantoe jiepeBo) D, sBisttorieecs 0CTOB-
HBIM noarpadom rpada G, HA3BIBAETCS €r0 0CMOSHbIM Nodde-
peom, a nepeso D' momyuatomeecs nz D B pesynabrare mpu-
COCJIMHEHUsI «KOHEYHON» BEPIIMHBI JIIOOOro He Boleero B D
pebpa rpada G K Toii ke Bepiruae D, KoTOpast 6bL1a ero KoHed-
HOiT BepmmHOil B G, 1 OObSIBJIEHUS] HAYAJBHON BEPIIMHBI 9TOTO
pebpa aucrtoM — ocmostwvim Haddepesom rpacda G. OueBuiHO,
4yTo npu 3ToM rpad G MozkeT ObITh HmojyudeH u3 Jepesa D’ B
pe3ysbTare IPUCOCIMHEHNsT HEKOTOPBIX BepInH crerneHn 1 (-
CThEB) K JIDYTUM €0 BEPIIMHAM. 3aMEeTHM, 9TO JIIOOOH Heopu-
E€HTUPOBAHHBIN CBSI3HBIN rpad, a TakxKe 000l OpUEeHTHPOBAH-
HBII anuKndeckuii rpad ¢ 1 ¢TOKOM Bcerja MMeT OCTOBHBIE
110/1/IEPEBbST U HAJJIEPEBbSI COOTBETCTBYIOIIETO THIIA.

I'pad, Bepmmuam u (nm) pebpamM KOTOPOIO COMOCTABIIE-
HBI OIPEJIEJIEHHbIE CUMBOJIBI (IIOMETKH), CUYUTAETCS NOMEYEH-
HoM epagom. Tlpumepom Takoro rpada sIBISIETCS, B 9aCTHO-
CTH, KOPHEBOE JiepeBo. JIpyrum mpumepoM MOMEYEeHHOTo TI'pa-
da gBisieTcsa aruKInIecKuii rpad ¢ MoHomonnoti nymepayued
6epwiuH, KOTIa JJIs JII0O0# TyT HOMEp BEPIIMHBI, U3 KOTOPOH
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OHa, UCXOJIUT, GOJIbIIIE HOMEpPaA BEPIIUHBI, B KOTOPYIO 9Ta Jyra
pxoautT. OpueHTrpoBaHHbBI rpad G HA3BIBAETCS YNOPAJOUEH-
HolM, ecaii Jisi Jioboil ero Bepmmuel v, v € V (G), Bce peb-
pa, BXOAAIME B U, YHOPSAAOYEHBI ¥ HPOHYMEPOBAHBI YNCIAMA
1,2,...,d5 (v).

Bynem cumrarh, 94T0 pebpa W BEPHIUHBI OCTOBHOTO MOJIIE-
peBa, a Takyke pebpa CBA3aHHOI'O ¢ HUM OCTOBHOI'O HAJIJIepeBa
MMOMEUYEHHOTro rpada MMET Te YKe caMble MOMETKH, KOTOPBIe
OHU MMeJIN B UCXOJIHOM I'pade. DTo 03HAYAET, B YACTHOCTH, UTO
OCTOBHOE HaJIJIEPEBO OPUEHTUPOBAHHOTO AITUKTMIECKOTO YIOPSI-
JIOYEHHOTO rpada sBJISIETC YIIOPII0YCHHBIM.

I'pabur G = (V/,E') u G = (V" E") naswiBatorcst uso-
MOPPHBLMU, €CITH CYTIECTBYIOT TAKUE B3ANMHOOHO3HAYHBIE OTOO-
paxennst @ : V' — V" u : E' — E”, npu KOTOpbIX BepIIUHBI
U HeopHeHTHpOBaHHBbIe pebpa (ayru) G’ mepexomsT B BepIy-
HBI ¥ HEOpHEHTUPOBaHHBIE pebpa (coorsercrienno ayru) G ¢
COXpaHEHWEM OTHOINEHUsI MHIUJICHTHOCTH (COOTBETCTBEHHO HC-
X0Jla, 3aX0jia) BepIIMH U pebep, a TakKe Bcex MmoMerok. Jljisi
(koneuHoro) MHOXKecTBa rpados G uepes |G| Oyuem o6o3HaYATH
YHUCJI0 TToapHo Hem3oMopdHBIX rpados B §. M3sectHO, 9TO

D (g)] < 49, (1.4)

rze ® (q) — MHOXKECTBO yTIOPsI0YEHHBIX OPHEHTHPOBAHHBIX KOD-
HEBBIX JIEPEeBbEB C He boJiee, 1eM ¢ pedpamu.

BBenem Temepn ofrmmme ompeesieHnst 1 0003HAYEHUS, CBSI-
3aHHBIE C CETIMM U «aOCTPAKTHBIMU» CXEMaMU, C peasu3alei
My QYyHKIOUE, a Tak»Ke ¢ HEKOTOPBIMU CTPYKTYPHBIMU IIPEI-
CTABJIEHUSIMU CXEM.

HaGop suna § = (G; V'; V"), rne G — rpad, a V' u V"’ —
BBIOOPKK 13 MHOXKecTBa V (G) JUIMHBI P U ¢ COOTBETCTBEHHO,
npudeM BuibopKa V' aBisieTcss BHIOGOPKOI 6e3 TOBTOpeHuii, Ha-
spiBaercs (p, q)-cemoto. Ilpu srom BBIGOpKa V' (BBRIGOPKA V")
cauTaercst 6x00not (COOTBETCTBEHHO 6uL00H01) 6bi60pKOT, & ee
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i-51 BEPIIUHA HA3BIBACTCS §-M 6L00HbM (COOTBETCTBEHHO 6bIL00-
HOLM ) NOAIOCOM W, MHAYE, 1-M 62000M (COOTBETCTBEHHO 6blL0-
dom) ceru G. Bepuuibl, He yIaCcTBYIONIIE BO BXOJHON M BBIXO/I-
HOiT BBIOOPKAX CETH, CIUTAIOTCS €€ GHYMPEHHUMU BEPITHHAMU.

st TOro 9To6Bl BBIIEIUTH BXOJHYIO W BBIXOJHYIO BBIGOD-
ku cetu § = (G; V', V"), 6ynem zanuceisath ee B Buje § =
GV V" mm § = G(V'; V). Cerp, B KOTOpOIT BXOJHASA W
BBIXOJ[HAsI BBIGOPKU COBHAAAIOT (HE COBIAJAIOT), HA3BIBAETCS
cemvio ¢ HepazdeseHHvimy (COOTBETCTBEHHO € Pa3deseHHbLMU)
nomocamu. 1Ipu 3TOM B ciIydae HepasIeJeHHBIX HOJIIOCOB CETh
§ = (G;V;V) = G(V; V) 6ynem sanuceiBaTh B BHIe § =
(G; V) = 9(V). Kak npaBmio, BXO/IbI 1 BBIXO/bI (II0JTIOCA) CETH
UMEIOT CIEIUAIBHbIE TOMETKH, KOTOPBIE OTJIMYAIOT 3TU BEPIIIH-
HBI OT JPYTUX BEPIIMH CETU M YKA3BIBAIOTCS BMECTO HUX B COOT-
BETCTBYIONMINX BbIOOpKaxX. Takum 06pa3oM, CeTu MOXKHO CUNTATH
CIIETMATBLHBIM YaCTHBIM CJIy9aeM MOMEYEHHBIX Ipados.

[TpuMepoM ceTH sBJISeTCs KOPHEBOE JI€PEeBO, BXOJAMU KOTO-
POTO CUATAIOTCS €0 JIUCThS, a BBIXOJOM — KOPEHb. IIpn 3ToMm
HOPAJIOK JIUCTHEB BO BXOJHON BBLIOOPKE OPHEHTUPOBAHHOIO YIIO-
PSIZIOUEHHOTO KOPHEBOrO JiepeBa D 3a/1aeTcst «eCTeCTBeHHOM
HyMepalyeii 7, orobparKarolleii MHOXKECTBO BepIINH jgepeBa D
B N Tak, uro 7(v') < 7(v”) Torga u Tombko TOrIA, KOrma JUGO
v moctmknma usz v, smbo k' < k”, rme K u k" — nomepa myr,
[0 KOTOPBIM IIEIH, CoeMuHstiomue sepmunbl v’ u v” coorser-
CTBEHHO ¢ KOpHeM D, BXOJAT B CBOIO NMEPBYIO OOIILYIO BEPIIUHY.

JIst IpOM3BOJIbHBIX BBIGOPOK V' = (vi,...,v;) n V" =
= (v{' NN ) u3 mHOXkecTBa V (G) rpada G oupenenum mam-
puyy docmusicumocmu evbopru V' us ewbopru V" kax marpn-
uy M, M € BP9 nia koTopoii

" /
M (i, j) = 1, ecmm v} JOCTHKHMA U3 U,
3 =
0, B OCTAJILHBIX CJIyYasX.

3amernM, uTo B cayuae V' = V" wmarpuna M saBaserca pe-
)
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dIeKCUBHOI 1 TpaHSI/ITI/IBHOfIl, a ecsit, KpoMe toro, G — Heopu-
E€HTUPOBAHHLINA TI'pad, TO U CUMMETPUUHONR Marpuieil. 3ame-
TUM TaK>Ke, YTO TPAH3UTUBHOCTDL pedIeKCUBHON MaTpuilbl M,
M € B™™ pmMeeT MeCTO TOIZA U TOJIBKO TOLJIA, KOTIa>

M? = M. (1.5)

JleiicTBUTENIBHO, TIOJIATasT M=M 2 mosrydnm
. m
t=1

U, cJaeaoBaTeNnbHo, B caydae M = M HepaBeHCTBa TPAH3UTHUB-
HOCTH

6y/1yT BBIIIOJIHEHBI IIPY JIIOOBIX 4, j, t u3 orpeska [1, m]. C apyroit
CTOPOHBI, U3 TPAH3UTUBHOCTU pedleKCuBHOI MaTpunbl M, B
cuiy (1.6), caemyer, 9ro

M (i, j) =M G, ) v |\ M@g5) Mtj) | =M(j5).
1<t<m
t#i,j
Marpurtia JOCTHKHUMOCTH BBIXOJIHON BBHIOOPKM CETH M3 €€ BXOJI-
HOIl BBIOOPKH HA3bIBAETCS MAMPUUET JOCMUNCUMOCTIU ITOH Cce-
TH.

"Marpuna M, M € B™™, cunraercs pedeKCHBHON (TPaH3HTHBHOIN)
TOTJIa U TOJIBKO TOTJIA, KOT/Ia OHA 3a1aeT pedbJIEKCUBHOE (COOTBETCTBEHHO
TpaH3UTUBHOE) OTHOIIEHNE Ha MHOXecTBe [1,m], To ecTsb

M (i,i) =1 (coorsercrBenno M (i, t) - M (t,5) = M (i, 7))

JyIst J06OTO ¢ (COOTBETCTBEHHO JIIOOBIX 4, j U t) u3 orpeska [1,m].
>Cunraem, 4To Tpu yMHOMeHUH MaTpmm u3 0 w 1 BMecTo omeparm
CJIOPKEHHST UCIIOJIB3YETCs ONEPAls (U3 bIOHKIUH.
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Ilon «abcTpakTHOY CXEMOH MOHUMAETCs CeTh, YaCTh ITOMe-
TOK KOTOPOH COCTaBJIAIOT BXOJHbIE IIepeMeHHble M B KazKJoi
BepIHe KOTOpOil peasmsyercss dynkius (cronbern u3 yHK-
uit) or TUX nepeMeHHbIX. [Ipu 3TOM CumTaercs, YTo cama
cxeMa peajim3yer cucreMy (MaTpHILy), COCTOAILYIO U3 (DYHK-
Uit (COOTBETCTBEHHO CTOJIONOB (DYHKIW), PeaTn30BaHHbIX Ha
ee BBIXOZAX. B KadecTBe BBIXOIHBIX ITOMETOK CXEMBI HCIIOJIb-
3yI0TCsI, KaK IIpaBUJIO, CIelHUaJbHblEe BBIXOJHbIE II€pEMEHHBIE,

a cxeMa Y ¢ BXOJHBIMU II€PEMEHHBIMU (BXOJAMHU) Z1,...,Tp
U BBIXOJHBIMU II€EDEMEHHBIMU 21, . . ., Zp, 3AIHUCHIBACTCS B BUJIE
Y =321,y Tni 21y ey Zm)-

Homep v(a) mabopa a = (ai,...,an) u3 B™ cauraercs Ho-

mepom DK (D) panra n or BII X (n) Buna x7*---23" (coor-
BercTBenHo V. . Vadn), MHOKecTBO Beex Takux DAJT 0603Ha-
qaercst (Qy, (cOoTBETCTBEHHO Jy,), & CUCTeMa U3 BCeX YKa3aHHBIX
DAJI, yHopsiIOUeHHDIX IO UX HOMEPAM, HA3BIBAECTCS KOHBIOHK-

mueHbm (COOTBETCTBEHHO OUSBIOHKMUBHbIM) 0ewuPpamopom

nopadka n ot BIl z1, ..., x, n obosnauaercs depes @, (coorset-
—

crBeHHO Jy, ). OyHKIus BUga

P (X1 -+ Ty Yo, - - Y2n 1) = \/ 55?1 "'$z"yu(a)
a=(a1,...,0n)
HA3BIBACTCS MYALTMUNAECKCOPHOT PyHKUUetl, WITH, THAYTE, MYAD-
MUNAEKCOPOM NOPAKA T, & TIePeMeHHbIe T = (X1,...,Ty) (Y =
(Y0, - -+, Yon_1)) CIUTAIOTCS adpecHbimU (COOTBETCTBEHHO UHPBOP-
mayuonroimu) BIT MyabTHILIIEKCODA LUy, -

Mynbrumnekcopayio PAJI mopsaka (n —¢q), 0 < g < n, or
anpecubix BII 2" = (zg41, . .., z,) n undopmannonusix BIT y =
(Y0 -+ -y Ygn—q_1) YACTO UCIOJBIYIOT JJIs PA3JIOKEHUST [POU3-
sosbrol DAJT f (21, ..., 2y) o BII 2” (cm. pasnoxenue [len-
HoHa (2.5) u3 §2 rassb 1).

Cxemy, koropasi peasmsyer cucremy PAJL Q,, (Jn, ) Oy-
JIeM Ha3bIBaTh dewudpamopom (COOTBETCTBEHHO JU3BIOHKMUG-
HolM 0ewuPGpamopom, MyALMUNAeKcopom) nopadka n. CXeMsl,
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peau3yIonue paBHble CHCTeMbl (DYHKIIUN, HA3BIBAIOTCI 9KGU-
sasenmuvmu. Ipeanonmaraercs, 9To0 n30MOpPGHBIE CXEMBI BCE-
IJIa 9KBUBAJEHTHBI, ¥ IIO9TOMY JIJIsl JIIOOOr0 KOHEYHOI'O MHOYKE-
CTBa CXEeM u BBITIOJIHAETCA HEPaBEHCTBO

Il < fuf, (1.7)

re |U|| — uucio nonapHo He SKBUBaJEHTHBIX cxeM B U.

§2

PopmyJibl aare6pbl JOrMKU, UX IKBUBAJIEHTHDIE
npeobpa3oBaHus C MOMOIIbIO TOXKaecTB. I1oJ-
HOTa CUCTEMbl OCHOBHBIX TOXKJIE€CTB JIJisl 9KBU-
BaJIGHTHBIX Ipeobpa3oBauuii popmyst 6asuca {&, V, -}

DksuBaseHTHbIE TpeobpaszoBanus (D), To ectb nmpeobpazosa-
HUSI, He U3MeHsTrole (DyHKIIMOHNPOBAHKS CXEM, UIDAIOT BayK-
HYIO POJIb TIPY PEIIeHNN Pa3JINIHbIX 33/1a9 TEOPUN YIIPABJISIO-
[IUX CUCTEM U, B YACTHOCTH, 3aJ1a91 cuHTe3a cxeM (cM. §1 ryiaBbl
3). Caenys [30], nzmozkum psij Bopocos DT cxeMm u3 OCHOBHBIX
KJIACCOB M PACCMOTPUM CHadYaJja HOHSITHs, CBSI3aHHbIE C 9KBU-
BaJIEHTHBIMU TTPEOOPAZOBAHUSIME CX€M Ha OCHOBE TOXKIECTB HA
npumepe dpopmya Hag 6asucom b. HamoMHuM, 9TO HEKOTOPBIE
911 dopmyna Gaszuca By yke HCIOIB30BAIUCEH IS PACKPBITHS
CKOOOK W TIPUBEJIEHUST MOJIOOHBIX TIPH MOCTPOEHUN COKPAITECH-
Hoit JTH® (cm. §3 rassr 1).

HanomuuM wuHIyKTHUBHOE ompeeeHne (QOPMYJIbI U pe-

ajmsyemoir  ero  Qyuknun w3 §1 rmaper 1. Ilycrs, mo-
npexxuemy X, X = {z1,z2,...,Tp,...}, — CUETHBIH yIIO-
psimodenubiit  adaBur Bxomubix BII mw mycts B, B =
={¢1,92,.-.,0p}, — 6azuc, rue PAJI @;, i =1,...,b, 3aBucur
ot k;, k; > 1, BIl u siBiistercst cymecteennoit ®AJI, ecom k; > 2.
[Tpeanomnaraercst, uro B — noswbrii 6aszuc (cm. §1 rasbr 1) u
JIOIIYCKAETCsI, B OOIIeM ciiydae, Hajmdne B HeM paBHbIX DAJI.
YHarme Bcero Mbl 6yJieM uMeTsh Jieto ¢ basucom By = {&, Vv, —}.
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Jliobaa nepemennas x; uz X cuuraercs gopmy.noti 2ayburivl
0 win, uHate, MPUBUAALHOT Hopmyols Had 6asucom B, KoTO-
past peaymsyer dynkimio ;. Ecim ¢ € [1,b] n s kazkoro
g, J € (1, k;], oupenenena dopmyna F; riybunst ¢; Hax B, ko-
Topas peasusyer PAJI f;, To sanucy F Buna

?:goi (?1,...,9&) (2.1)
SIBJISIETCST (OPMYA0T 2aybunv, ¢ Had B, Tie
q:maX{qlv"',qki}+1> (22)

KoTopas pearmsyer byuknuio f suma f = ¢; (f1,..., fk;)-

Bce 3amnucu, noJiyueHHbIe B pe3y/ibTaTe YKa3aHHOTO WHIIYK-
THBHOT'O IIOCTPOEHUS, U TOJIBLKO OHU CIUTAIOTCH hopMyAamu Had
bazucom B. Tlpu aToMm hopmysibl, TOMyUIeHHBIE B IIPOIECCe WH-
JYKTUBHOTO TIOCTpoeHust (popMysibl F, HA3BIBAIOTCS ee nodghop-
my.aamu, a Te moadopmyier I, . . ., Iy, , U3 KOTOPBIX Ha IIOCTIE-
HEM IIare WHIYKTUBHOIO IOCTPOEHUsI cTpouTcst hopmysa F Bu-
na (2.1), canrarorcs ee 24a6HbMU TOIMDOPMYITAMU.

Bamernm, uro s3ammchk noadopmyasl F dopmynasr F ass-
ercst 4acThio 3amucu F, npuuéM Kakjas Takas 9acTh CUUTa-
ercst evoorcdenuem F' B F wim, unade, nozunyuonroti nodgdop-
my.0t euda F' dopmynbr F, a unciio yKazaHHBIX dacTell Ha3bl-
Baerca kpamnocmvio F' B F. Hamomuum, uto «rpadudeckms»
coBHAIAIONMe (POPMYJILI CUUTAIOTCI U30OMOPHHOIMU, a DOPMY-
ael F' u F”, peanuzyromme pasuble dbynkuuu f' u f”, Hasbl-
BAIOTCA PAGHLLMU WM, UHAYE, IKEUSAACHMHbLMU. 1Ipu 9TOM
pasencTso Buja t : F = F” cumraerca mootcdecmeom. Ye-
pe3 tg u té OymeM 0003HAYATDH TOXKIECTBO KOMMYTATHBHOCTH
u ToxaecTBo accorparusaoctu it PAJL ¢ (z1,x2), re ¢ €
{z1 22,21 V 22,21 ® 2,21 ~ x2}(CcM. §2 rytaBsr 1).

MmuoxkecTBo Beex dopmyst na 6azucom B 6yaem oboznagaTs
qepe3 qu’ U TIOJIOZKUM u%o =Uu®.
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st Toro urobbl BegeauTh HAOOD T = (T4, ..., Tj, ), KOTO-
pblii cocrouT u3 Beex pasinmunbix BII andasura X, BCTpeda-
omuxesd B popMmyiie F 1 nepedncIeHHbIX B IOPSAIKE BO3pacTa-
HUsI UX HOMepPOB, OyjeM 3ammceiBarh ee B Buje F = F (x). Ilpu
3ToM POpPMyJLy, KOTopas Hoaydaercd u3 F B pesy/ibrare 3aMeHbl
kaxjoro Bxoxnenns bl z;,, j =1,...,n, dbopmynoii F; Gynem
CUHTATDb Pe3yabmamom nodcmanosky, gopmysv, I; emecmo BII
xi;, j=1,...,n, 6 gopmyay F u Gysem obosznauaTh ee uepes
F(F1,...,Fn). Bamernm, aro dbopmyaa F(Fy, ..., F,) peann-
syer ®AJL f(f1,..., fn), tne PAJL f (PAJL f;) — DPAJI, pea-

mmzyemast dopmystoit F (coorsercrsenno Fj, j=1,...,n). Or-
CIOZIa CJIEJyeT, 9TO €CJI yKa3aHHYIO IIOJCTAHOBKY IIPUMEHUTH
K obenm wactam toxzgecta t @ F = F' tne F = F (x) n

F" = 3" (x), MBI HOJLyIUM TOXKJIECTBO
. T
P =5

re ' = F (F1,...,Fp) n F = g (F1,...,Fn), KOTOpPOE HA-
3BIBAETCS NOICMAH08K0T 0Af MoHcIecmea t.

W3 onpeiesiennit ciieryet, 9o Jjisi (GOPMYJIT UMEET MECTO TaK
Ha3bIBAEMBII IIPUHIMI 9KBUBATIEHTHON 3aMeHbL. DTO O3HAMAET,
qro ecau nosunuonnyio nogdopmyay suga I (suga F) dbop-
MyJibl F 3aMEHHTD, YIHTBIBasl TOXKJIECTBO t, SKBUBAJICHTHO cii
dbopmysoit F” (coorsercrsenno F'), To nmosyvdeHnast B pesysibra-
Te Takoil 3amennl dpopmyita F Gyner sxsusasentaa dopmyie F.
Vkaszanuerii nepexos ot dopmyiast F k dopmyne F HazbBaeTcst
(OZIHOKPATHBIM) 9K6UBAAEHMHBIM Npeobpasosaruem (DII) dop-
myav, F HA OCHOBE TOXKJIECTBA t, a TOC/IEIOBATETLHOCTD OTHO-
kpaTHbIX DI dpopmysibl F, BBIIOIHSIEMBIX Ha OCHOBE TOXKJIECTB
u3 cucTeMbl T, canrtaercs eé (MHorokparueiM) DI Ha ocHoBe
3TON CHUCTEMBI.

Ozuokparuoe DII dpopmynsr F B dopmyiny F ¢ moMomso
TOXKJIeCTBa t OyJieM 3alliChIBaTh B BUJIE OJHOKPATHOM BBIBOJIH-
moctu Buga F = F. Auasornuanoe DI F 8 F B pesyibrare npu-
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MEHEHUs! OJIHOTO U3 TOXK/ECTB CHCTEMbI T (HECKOJIbKHUX IHOCJIe-

JIOBATEJILHBIX IPUMEHEHNUIT TOXKJICCTB U3 T) Oy/IeM 3aliChIBATH

B BUJIE OJIHOKPATHOIl (COOTBETCTBEHHO KPATHOM) BBIBOJAUMOCTI

Buga F = F (coorBercTBenHO F =2 ?) [Tpu sToM cumraercs,
T

9TO TOXKJIECTBO B
t: F=9
BU600UMCA U3 CUCMEMDL ModHcdecms T, U 3TOT (PaKT 3aIUCHI-
BAETCS B BHJE BBIBOANMOCTH T — © WiId T 3 { B 3aBHCHMOCTI
OT YHUCJIa UCHOJIL30BAHHBIX HEPEXO/I0B. 3aMeTUM, UTO B CHUJY
obparumoctu D11 u3 Beogumoctu F = F coenyer obparHast
T

BeBotMOCTL F (2 F. Cucrema TOXK/IECTB T HA3BIBACTCS NOAHOT

-
st DI bopmyst Han B, ecn 1y1st TI00BIX IBYX 9KBUBAJIEHTHBIX

dbopmyn F u F’ wan B umeer mecro seiBOmMMOCTS F = T
T
PaccMOTpUM, B 4aCTHOCTH, CHCTEMY T, KOTOPas COCTOUT U3

TOXKIeCcTB Jie Moprana u ToxecTsa
IIK . F.) —
tg 71 (22 VT2) =11,

— TOXKIECTBA IOJCTAHOBKA KOHCTAHTHI 1 = T9 V Ty B KOHBIOHK-
o (eM. Toxkectsa (2.2) us riassl 1). IIpuvep DIT dopmyir us
U® ¢ HOMOIIBIO CHCTEMBI TOXKIECTB T JAET CIIELYIOMAs IE0uKa,
BBIBOJIUMOCTEN:

€1 (.%‘2333 V o \/fg) — T (1'2.%3 V Xy - 333) — 1. (2.3)
te e

Hastee OymeM paccMaTpuBaTh TOJIBKO (DOPMYJIBI HaJ Ha3UCOM
By, HazbIBast ux mpocro popmyaaMu. 3aMETUM, YTO UMEIOT Me-
cro (cMm., B wacTtHOCTH, §2 riaBbl 1, a Takxke §3) ciemyrorue
TOXK/IECTBA aCCONUATUBHOCTH

A
ty: x10(zgox3) = (21 0m2) 0 T3,
TOKJIECTBA, KOMMYTATUBHOCTU

t?: I1 OX9 = T2 0XT9
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1 TOXKJIeCTBa oToxKiecrsienns BII

tgH: rox =ux,

e o € {&,V}, ToxuecrBa AUCTPUOYTUBHOCTH «O» OTHOCH-
TEJILHO «O»

tEO : x10(x20x3) = (21 029) © (21 0 X3)

u ToXK/ecTBa («mpaBmiay) gae Moprana

tE/I : (Tl) =71, tg/l : (:L‘l o 33‘2) = (fl) 3 (52),

ryie (0,0) € {(&, V), (V, &)}, Tox 1ecTBa MO/ICTAHOBKH KOHCTAHT !

t(rJI,g t a1 (@2 - To) = T2 - Ta, tlfj; w1 (w9 V To) = 71,

IIK — IIK — —
toyvll'l\/xQ'l'Q:I'l, tlv:x1V(m2\/x2):x2Vx2,

a TaKzKe TOXKJIeCTBO IIOIJIOIICHMA

s 1V x1T2 = T7,

TOXKJICCTBO ODOOOIIEHHOI'O CKJICUBAHUA
t0C . X1To V 123 = X129 V T123 V T23

" JpyrHe.
JlokazkeM, ITO

{t, M w {5, M B {],

rae ™ = {tM, ™M tM} JeficTBUTENILHO,

1V I ’E (%1) \Y (%2) rtgﬁ (Tl) . (fg) 't_M> T1 -T2

'B orsnune or TOXKIECTB (2.1)7(2.2) ryiaBbl 1 JaHHBIE TOXKJIECTBA, T10/I-
CTAHOBKH KOHCTAQHT OPUEHTHPOBAHBLI Ha Oasuc Bg, rme poab koHcTaHTbl 0
(xoHcTanTe! 1) urpaer dopmysa Buga &; - T; (COOTBETCTBEHHO T; V Ts).
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u

xl\/a:2l—>x1\/x2»—>a:1 fzi—gTQ'fl ’Ii xo V I1.

¢ t te 3, M

AnajiornyunsIM 06pa30M JOKa3bIBaeTCdA, 9TO

{te. ™My {0}, {2 ™M) B {01},
{tev: ™M B AV} n {tog, ™} B {tey

rje o € {0,1}. BaBepruasi mIpuMepbl BBIBOJAUMOCTEIH, JIOKaKeM,
4TO

{tl & tB,\/? téa t57 ten} ’:? tH.

HeitcTBUTENBHO,

x1VT1To iﬁ( T (.7,'2 \/TQ) V X122 lD—> T (($2 V fg) V $2)

tl,& t&N

B (@2 V ) VE) o (22 V) o 3.
tv7t\/ 4 1,&
Iomoxum
"t = e Nt 1, 127 TR s s tok
A= {te, 10},
B= {1t}
1 = {tgr[? ten} )

= {tBV7 te&}

= {tig, tie, Loy, tiy

~OCH __ {TM A K Ol‘[7 D’ 7_l_IK’ tH}.

T s T T

Cucremy 7° GymeM HA3BIBATD CUCTMEMOT OCHOBHBLL TOHCIECTNE,
a cucreMy TN — pacuwupennotl cucmemoti 0CHOBHVLT TMOIHC-
decms. PaccMoTpeHHble BbIllle IPUMEPHI BBIBOIUMOCTEH JIOKa-
3BIBAIOT CJIEJIYIONIEE YTBEPIKICHIE.
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H

JIlemMma 2.1. Cucmema 7°% gwsoduma u3 cucmemo, 7.

ITokaxkem Tterepnb, uro ¢ nomorpio D11 Ha ocHOBe cucre-
MBI TOXKIeCTB T
KaHnoHUuYeckul 8ud, TO €CTh SKBUBAJEHTHYIO €fi COBEPIIEHHYIO
JHD unu dopmyny z171. BBenem jijist 3T0ro HEKOTOpbIE TOHS-
THS, XapakTepusyionme (HGOPMYJIbl, TOABIILAIONNECH Ha ITPOMe-
JKYTOYHBIX dTanax ykazaHHoro JII. IIpousBosibHYy0 KOHBIOHK-
o OYKB, COIEPIKAIILYIO, B O0IIEM CIydae, ITOBTOPSIIONINECST WIH
IPOTUBOIIOJIOXKHBIE OYKBBI, Oy/ieM Ha3bBaTh 0600werHot K
(O9K), a JU3BIOHKIUIO TAKUX KOHBIOHKIUI, COIEpPKAILYIO, B
o0ITIeM cJIydae, MOBTOPSIONIUECs «CJIaraeMbiey, — 00ODIIEHHON
JHD (OJHD). O6brunyio DK (IH®) u dbopmyny x1 -1 Oyaem
cantarh kanonuveckols ODK (coorBercTBEHHO KanoHUUECKOT
OJIH®), a cosepmiennyto JTH® u dopmyy 1 -T1 — cosepueh-
nomu OJIH®. Gopmysta, B koropoit Bce PC — npumensorcs
Tosibko K BII u Her aByx nocienoBareibHO npuMersieMbix OC
-1, HA3bIBAETCHA (POPMYA0T € NOOHAMBMY OMPUUGHUAMU.

[Tycrs dopmyna F (x1, ..., x,) peammsyer DAJL f (z1,...,x,).
Iokaxkem cymecteoBanue I puia

Fe¥ kB F=F = 7 (2.4)

™ {tg,vvtg it {t&Dc,\/’THH}

u3 11060t HOpMYJIBI MOXKHO IMOJYyIUTH €6

re 7 = {TA, K pIK O tH}, F' — dopmyna ¢ nommHs-
ThIME oTpuannsavMH, 7' — obobmennas JTH®, a T u F — xa-
nounyeckas u copepirerras OJIHD PAJI f coorBeTcTBEHHO.
HeticrBuresibHO, nodnamue ompuyarud, To ecTb nepexon ot F
K F' B (2.4) MOXKHO OCYIIECTBUTH HPUMEHEHHEM TOXKICCTB 1M
W n M x nondbopmynam suna (1), (F1-Fo) u (F1V Fa) co-
OTBETCTBEHHO JIO TeX II0P, IIOKa BCe TaKue MoAMOopMyIIbl He Oy-
qyT «ycrpanenbl». [lepexon or ' k F”’ B (2.4), koropsrit Ha-
3BIBAETCSI PACKPOIMUEM CKOOOK, OCYIIECTBIIAETCA TPUMEHEHUEM

TOKJICCTB {tg,vv tg} k nojgdopmynam suga Fp - (Fo V F3) nm
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(F1 V Fa) - F3 110 Tex 1mop, MOKA OHU BCTPEYAIOTCS B IIpeobpasy-
eMoit popmyiie.

Ilepexon or F”7 x F s (2.4), KOTOpBIi HA3BIBACTCS NPUGE-
deruem nodobrbLr, BBIIOJIHIETCS B TpU drana. Ha mmepsom sTa-
ne kaxxgasg O9K K” nz OJH® F” upeobpasyercs B KaHOHU-
yeckyio O9K K ¢ moMOIIBI0 TOXKIECTB {tgn, tg’g, 2 tg}, a
TaKKe TOXKICCTBA

T; Ty = X1 - X1, (2.5)

KOTOPOE€ BBIBOAUTCA U3 HUX CJICAYIOIITUM o6pa30M:

X+ T tﬁ( (x1 -fl) . (:U, f,) ';() (x, fl) . (xl 'fl) t?( X1 - T1.
0,& & 0,&
Ha Bropowm sTame mosrydennast popmysia F npeobpasyercs B F
IIyTEM <«yCTPaHEHUsI» IIOBTOPHBIX BXOXKJIEHWI PABHBIX 3JI€MEH-
TapPHBIX KOHbIOHKITII WK MOAMOPMYJI X1 - T1 € IOMOIIBIO TOXK-
JIeCTB {TA, X, ten} u, B caydae f Z 0, MOC/IeyIONero «ycrpa-
nenusa» O9K x1 - T; ¢ HOMOIIBLIO TOXKIECTB {té, tlvi, tg}\f
3aMeTnuM, YTO IEepBbIE Ba dTala MPUBEICHUS OIOOHBIX,
Ha, KOTOPBLIX IpoucxoauT npusegenne nosropennii BII 8 O9K u
9K, yxke maror HaM UCKOMYIO (hOPMYITY 7. OpnHako, JJist yMeHb-
OIeHrs YUCJia IIaroB B IIOCJIEAYIONIUX 91_[ MOZKHO BBIIIOJIHUTH
TPETUl STAll NPUBEAEHUsT IOJOOHBIX — 9TAIl IPUBEIEHUS II0-
riomennii 9K. Ha kaxmoMm 1mare 3Toro sramna B IIOJIyYeHHON
JH® ¢ moMoIbio TOXKIeCTB {TA, TK} BBIIESETCs T01hopMy-
na euga K"V K" - K, rne K” u K — nexoropsie 9K, a 3arem
9K K" - K «ycrpanserca» ¢ nomoibio 11

K// \/ K// . K 'T_[> K//.
t

3aMeTnM TakzKe, 9TO PACKPBITHE CKOOOK WM Pa3/INIHBIC STAIIbI
LIpUBEJICHNS IIOZOOHBIX MOXKHO YepeloBaTh APYL ¢ APYIOM IIpU
SII mondopmyn dopmymsr I wmn opwyr I, 7.

[Tepexog or F k F B (2.4) BOHSIETCS B JBa Tana. CHava-
na kazkgas DK K us F, KOTOpasd UMeeT PaHr 7, Tne 7 = n—¢q <
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n, u ne comepxkutr O6yks BIl z;,..., x;,, npuBoauTCcs K ee co-
Bepmennoit JITH® K or BII X (n) B pesyJibrare CJIejLyOIIero
SIIE R R N
K t:; K(xil \/fil) cee (l'iq \/fl'q) ’Ii K.
g v
3arem B mostyuentoit OJIH® ycrpaHSFOTCSI TOBTOPHBIE BXOXK-
JIeHHS CJIAraeMblX TaK, KaK 3TO JeNajloCh PaHee IPH Iepexojie
or FxF, us pesyabraTe Mbl IpuxoauM K cosepinerroit OJIHD
F. Takum obpaszom, MOKa3aHO CJIEAYIOIIee YTBEPKICHUE.

Jlemma 2.2. Jhobyro gopmyay F(x1,...,x,), pearusyrowyro
QAJI f, ¢ nomowwro III na ocnose cucmemvs mootcdecme T
MOdHCHO npeobpasosams 6 cosepuwentyro OJAHDO OAJI f om BII
X (n).

Paccmorpum onmcannbie Bbime D11 ma npumepe Ghopmyibn
F=(zr1Va) (x1-2x3) (v2V23),
JJIsl KOTOPOH
F tﬁ (r1 Vag) - (T1 VT3) - (2 V x3) =7,
&

F '3 1223 V T1X2 V T1Z2x3 V T2T3 =F =7,
{tD Tnn\tn}
&,V

F l:i T1x2 V ToT3 =3,

F ':i T129T3 V T1X2X3 V T1T2x3 V T1X2T3 =7.
{tg v’THH}

Teopema 2.1. Cucmema 7 — noanas cucmema mostcdecms.

Jloxazamenvcmeo. Ilyers F u F’ — sksusanentusie hopmybl,
peasmzytonme pasabie PAJI f/ u f” coorsercrBenno, a nHabop
x (n) = x comepxutr Bce paznuunbie BII, Berpeuatomuecs B8 F
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u . Iycro, nanee, ®AJI f (z) pasua f'u f”, a F — cosepiuen-
nag OJH® DAJI f or BII X (n). B cuny aemmbr 2.2, umeer
mecto 11

T/ ’:; §.~ ’:; 3.4/7

TOCH 7OCH

KOTOpOEe JOKa3bIBacT TEOPEMY. ]

§3 3amanme popmys1 ¢ ToMOHIbIO JiIepeBbeB, PYyHK-
IIAOHAJIbI UX CJIO?KHOCTH M COOTHOIIIEHUS MeXK-
ay aumu. OnrumMusanus mo00HBIX (hopMyJT IO
ry1youHe

PaccmorprM hyHKIIMOHABI CJIOKHOCTH (POPMYJI aJreOpPhI JIO-
UKW U CIIOCOO UX TPEICTABJIEHUs] C IOMOIIBIO OPUEHTUPOBAH-
HBIX YHOPSIZIOUEHHBIX JepeBbeB. 1lom caoorcnocmovio (parzom)
dopmysibl F MOHUMAETCS YUCIO BXOXKJIEHWI B Hee (DYHKIHO-
HAJIbHBIX CUMBOJIOB (COOTBETCTBEHHO CHMBOJIOB II€PEMEHHBIX ),
koropoe oboznadaercs depes L (F) (coorsercrsenno R (F)). Un-
JIyKInei 1o riryoune jr00oit hopmysie riryOuHbBI ¢ HaJL B MOXKHO
COIIOCTABUTD YIOPsiIOYEHHOE OPUEHTUPOBAHHOE KOPHEBOE Jiepe-
BO TIyOMHBI ¢, KaXKJIOMY JIKCTY KoToporo npumucana BIT uz X,
a KaxKJol BHyTpeHHell BepinHe — (DyHKIMOHAJILHBIA CHMBOJI
(@C) u3 B. Popmyse x; raybunsr 0 cOmoCTaBUM «TPUBHAJIB-
HOE» JIEPEBO C €JIMHCTBEHHON BEPINUHON, ABJIAIONICHCA KOPHEM
U JIICTOM OJIHOBPEMEHHO, KoTopoii npummcana BIT x; (cm. puc.
3.1a). ®opmyse F Buga (2.1) comocraBum nepeso D riryGuHbI g,
orpe/iesisieMoil paBeHCTBOM (2.2), ¥ ¢ KOPHEM ¥, IOKA3aHHOE Ha
puc. 3.1b, rne D;, j =1,..., k; — JepeBo IiIyOUHBI ¢; ¢ KOpHEM
vj, KOTOpoe cooTBeTcTByeT dhopmyiie F;.

Bamernm, 9To hopmyaa F MO COMOCTABIEHHOMY €l JTepeBy
D BoccTaHABINBAETCST OJTHO3HAYHO C TOYHOCTHIO JT0 H30MOP(U3-
Ma, U 9TO IIPU ITOM IOJJIEPEBbs jiepeBa D B3anMHOOTHOZHATHO
COTIOCTABJIAIOTCS MO3UITMOHHBIM T101cbopmystam dpopmyist F. Ha
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a) b)
Puc. 3.1: nupejcrasienue hopMyabl 1€pEeBOM

puc. 3.2a MOKa3aHO JIEPEBO, COOTBETCTBYIOIIEe hopMyJie

((1‘1 V .’Bg) V 1‘3) V (.%'3 (acl V :I}Q) V xl.%'g) , (3.1)

KOTOpas siBjgeTca opmysoit riaybunsr 4 Hajg Gasmcom By u
peammmzyer OAJI S§0,273}.

Jns ynobersa Gysiem cuautath, uto B US BXOMAT He TOMBKO
oTziesbHbIE (DOPMYJIBbL, HO U YIODsI0YeHHbIe CUcTeMbI (HaBopHI )
dopmyir Ha 6asucoM B, 9To Karknas Takast cucTeMa peaiusyer
Habop, cocrosituii 3 PAJI, peanusyembix ee popmyaIamMu, U
4TO 9TO0i cucTeMe POPMYJI COOTBETCTBYET CUCTEMA U3 JI€PEBLEB,
COITOCTABJIEHHBIX ee (POPMYyJIaM.

Bamerum, aro paur R (F) dopmysasr F paBen quciy aucThes
cBsizaHHOTO ¢ Heill jepeBa D, ee cioxuocts L(F) paBha uuciy
ocrasbHbIX BepuH D, a ee riuybuna D () — rybune ero Kop-
Hsl. 3aMEeTUM TakKe, 9TO MOpsiok Bxoxjenusi BII B zamnuck
dopmyabl F mpu ee mPOCMOTPE CJIeBa HAIIPABO COOTBETCTBY-
eT mocJjienoBaTeabHoCTy Hosgsienns BIl Ha jmcTbax cBs3aHHO-
TO ¢ Hell AepeBa,lTPOCMATPUBAEMBIX B «€CTECTBEHHOM » ITOPSIKE
(em. §1).

PaccmoTpum Temepb HEKOTOPbBIE COOTHOIIEHUST MEXK Ty Iapa-
merpamu dhopmyt Hal 6azucom Bg. 3amernum, 9To mnpeicTaBiisis
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I Z2

Puc. 3.2: npencrasienne dopmyist (3.1) nepeBom u
KBa3HUIEPEBOM

bOPMYIIBI IepEBbAME, TAKAE COOTHOIIEHUSI MOXKHO JTOKa3bIBATH
0oJiee POCTBIM U HAIJISIHBIM CIIOCODOM.

JIemma 3.1. s gopmyane F, T € U, suda T = Fio0...0Fy,
ede o € {&, V}, svinoanaomes nepasencmesa

R(F) = Le v (F)+1 < L(F)+1 < 2PO0 1 1 2PF) L 9P
(3.2)
ede Lg v (F) — wucno @C & u Vv 6 dopmyae F.

Zoxazamesvemeo. CpaBHuBast 9uciao pebep, BXOJAMNUX B BEP-
bl jepeBa (bopmyssl) F ¢ dncioMm pebep, BBIXOASAIIAX U3
€ro BEpIIUH, IOy IUM

|E(F)] =2Lgy (F) + L (F)=L(F)+R(F) -1,
rae L, (F) — aucio ®C — B bopmyse F, orkyzma ciemyer, 9To

R(F) = Lg.y (F) + 1.
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Bropoe u3 coornorenuii (3.2) JIerko yCTaHABJIUBACTCS UHJLYK-
mueit o D (F).
Jlemma moxkazaHa. ]

Caencrsue.
D(F) = [log(2P) 4 ...+ 2PU)] > Mog(L(F) + 1)]. (3.3)

®opmynsr u3 U, mosywaromuecs Apyr u3 Jpyra SKBHBa-
JIEHTHBIMH TIPeo0pa30BaHUSIMIA HA OCHOBE TOXKIIECTB tfé u th,
a TaKyKe TOXKJIECTB t@ u t}, maspBarorcs nodoGromu. Jlerko
BUJIETH, ITO 1000HBIE (DOPMYJIBI HOJIYIAIOTCA JAPYT U3 JApyra
[IEPECTAHOBKOW apryMEHTOB U M3MEHEHUEM ITOPSi/IKA BBIIOJIHE-
HUsT OJHOTUITHBIX JBYMECTHBIX OA3UCHBIX oreparuii, oopa3yio-
IIUX COOTBETCTBYIOILYI0 MHOTOMECTHYIO OIIEPAIMIO, U HOITOMY
MOT'YT OTJIUYIATLCA JAPYT OT APYTa TOJIBKO IJIyOWHOI.

BaMeTI/IM, 9TO CJIOZKHOCTBH XapPaKTEpU3yeT BPEMA BbIIUCIIE-
Husi GOPMYJIBI Ha OJTHOM IIPOIECCOPE, a TIIyOUHA — BPEMs ee Ta-
PaJIlJiIeJIbHOI'O BBIYUCJICHNY Ha HEOI'PDAaHMYICHHOM YHCJIEe IIPOoIeC-
copogB. ITosToMmy onrummsanust mogo0HBIX (POPMYJI IO TIyOHHE
ABJIAETCA YaCTHBIM CJIydaeM <«pacllapaJijieJIMBaHUA» BbIIUCJIC-
HUI.

Dopmyisl 13 UP MOKHO ONTHMH3NPOBATEL TAKIKE [0 GHCIIY
OTPHUIAHUI C TIOMOIIBIO SKBUBAJEHTHBIX IIPeodpa30BaHMii Ha OC-
HOBE TOXK/JIECTB

t% : (931 . ZEQ) =71V T2, t\l\//l : (l’l \/CL‘Q) =171 - X9,

M (@) =1

— ToxjaecTB Jie Moprana Jijisd KOHBIOHKIIUU, JU3bIOHKIIUA U
OTPHUIAHUSI COOTBETCTBEHHO, a TaKKe IIPeoOpPa3’0OBaHU ITOI0-
6us. Toxxmecrso tM HUCIIOJIB3YETCS TIPU 3TOM JJIT YCTPaHEHUsI
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HECKOJIbKMX ITOCIeI0BaTe/IbHbIX BXOxKIeHnii @C — B onruMu-
3upyeMoil popMmysie, a TOXKIECTBA tM, t{\//[ — JIJIsI BBIIIOJIHEHUS
nepexoma

:}4:?10"'0?15:(?10"'<>$t)7

riae (0,0) € {(&,V),(V,&)} ut > 2, Bo Bcex ee MakcCHMAaJIb-
HBIX 10 BKJIOUYeHHIo noadopmynax suga F', dbopMupyeMbix ¢
IIOMOIIBIO0 TPeodpas3oBaHMIl TTOTO0MST.

Hanomuum (cMm. §2), uro dopmyna, B koropoit Bce PC —
BcTpedaroTcsa TobKo Ha BII, nazpiBaercst hopmyiioit ¢ moiHs-
TBIMU OTPUTIAHUSIMHI, W YTO C MTOMOIIBIO TOXK1ecTB Je Moprama
mobyio dopmyny u3 U® MokHO mpeobpazosarh B GOPMYIY C
TOTHATHIMU OTPHUIAHUSAME. 3aMETHM, UTO TPEOOPaA30BAHUST TTO-
00usd U SKBUBAJICHTHBIC IpeodOpaszoBanust (hOPMYJ HA OCHOBE
TOXK1ecTB Jie MopraHa He M3MEHSIIOT PAHT 9TUX (DOPMYJT U, CJie-
nosarenbho, anciao PC {&, V} B nux.

Oupegennm anvrepaupoanne Alt (F) dbopmynbr F ¢ nou-
HSITBIMU OTPHUIAHUSAMY KaK MAKCHUMAaJIbHOE YHUCIO U3MEHEHUH
tunoB OC & u V B Hemnsix gepesa, COOTBETCTBYIOIIETO (hopMyJIe
F. Bamerum, uro anbrepauposanne DK wim /1 paBHo HyITIO,
a ajprepHuposanue J06oit (ormmanoii or DK u 9/1) THD wuim
KH® pasro 1.

Teopema 3.1. Jlas a1060t dopmyave F ¢ nodusmovimu ompu-
yanuamu uz U cywecmsyem nodo6ruas eti gopmyaa F ma-
KQA, 4O

D (F) < [log (L (F) + 1)] + Alt (F). (3.4)

Jloxasamesvemso. JlokazaTebCTBO TPOBENEM WHIYKIHEH 1O
paury dopmyist F. Eciin R (F) = 1, To dopmyna F umeer Bu
F =2, 0 € B, u cama yJI0BJIeTBODsieT HepaBeHCTBY (3.4).
[Tycrs HepasencTso (3.4) crpaBeIuBoO 111t J1I000it mozbop-
myabl F rakoit, aro R(F') < r—1, rae r > 2, u nycrs dhopmyia
F umeer paur r u aaprepHUpoBaHUE . lIpemcraBum opmyry
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F B BUgE:

F=d(F,....,5),

rue t > 2, dopmyaa ®(yi, ..., y;) upu Hekoropom o, o € {&, V},
UMeeT BHUJ Y1 O ... O Yy, albTepHupoBanue mnoiadpopmya Fi, ...
..., Fy dopmyiier F e 6osbie, gem a’, e o' = max{0, (a — 1)},
a ux panr He npesocxoxut (r — 1). Tlomoxum

d=[log(L(F)+1)]+a—d u di=log(L(F)+1)],

rme ¢ = 1,...,t, a 3aTeM s Kaxk10i dopmysl F; mocrponm
110 MHIYKTUBHOMY IIPEJIIOJIOXKEHHIO TOI00HYIO eif (hopmyny F;
TaKyIO, 9TO

D (GFZ) <d;+ad.

3aMeTuM, 9TO IPU ITOM

> ot <2t (3.5)

JeitcTBUTeNIBHO, ecau a — a’ = 1, To

t t
20> 2(L(F)+1) =Y 2(L(F)+1) = 2%,
i=1 i=1

Ot

aecma=a =0, 10 F =z o---ox]" u, ciegoBaTeIbLHO,

Dot =N (L(af)+1)=L(F)+1<2%

i=1 i=1

3amMernM Takke,dTo mepeHymeparmeit hopmyn F;, i =1,... ¢,
MOXKHO JOOUTHCS BBIIIOJIHEHUS] HEPABEHCTR:

dy>dy > >dy (3.6)
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[Tycrs Teneps @' — dbopmysa Buga 41 © - - - 0 Ygd, KOTOPOii CO-
OTBETCTBYET IIOJIHOE JIBOMIHOE d-sipyCHOE JepeBO, a (OpMy-
na ®” nonyuaercs uz @ ynanenumem mociaenHux q, rjue q =
(2d —2h ... 2dt) uq > 0B cuny (3.5), Bxoxaenuit BII
Bmecre ¢ Temu DC, KoTopsle ¢ HuME cBsizaHbl. B cuity (3.6)
nepsbie 29 Bxoxnennit BII B & cocrasisior mondopmyny 1,
KOTOPO#l COOTBETCTBYET IIOJIHOE JBOMYHOE di-sIpYCHOE JIEPEBO,
coneparnee 29 pxoxkmennit BII B ®”, cienyrommue 292 Bxox-
nernit BIT B ®” — moadopmyny @9, KOTOpoii cOOTBETCTBYET
ITOJTHOE JIBOUYHOE do-sIDYCHOE JIEPEeBO, W TaK JaJjee, BILUIOTh JI0
nocseaanx 2% pxoxkmennit BII B @, cocrasistiomux 1mo1¢bop-
Myasry Py, KOTOPOH COOTBETCTBYET MOJTHOE JBOMYHOE dy-pyCHOE
JIepeBo.

O603HaunM depes F dopmyity, kKoTopas nosydaercs us o
zamenoii mogdopmysael ®; Ha dopmyay fr’v‘i, 1 =1,...,t. Bame-
M, uro F noxobua F, umeer riiybuHy He GOJIbIIE,TeM

d+d = [log(L(F)+1)] +a,

U [I09TOMY Y/IOBJIETBODsieT HepaBeHCTBY (3.4).
Teopema jokazana. ]

Caenctsue 1. Jlaa awboti K usu 3] K cyuecmsyem nodob-
nas gopmysa K maxas, wmo

D (K) = [log (L(K)+1)], (3.7)
KOMOPas, 8 CUAY AEMMBL 3.1, MUHUMGADHEG N0 2AYybUNe.

CaencrBue 2. Jlas awoboti JHD usu KHO A cywecmeyem
nodobras et gopmyaa A makxas, 4wmo

D () < [log (L (A) +1)] + 1.

Sameuarue. JlokazaTebCTBO TEOPEMBI JTAET WHIYKTUBHBIN Me-
TOJ OIITUMUIAITUN CI)OpMyJI C IOJHATBIMU OTPUIAHUAMMU 110 IJIYy-
OuHe ¢ MOMOIIBIO MPeoOPa30BaHN TOT00MSI.
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§4 Cxewmbl u3 (PYHKIINOHAIBHBIX 3J1eMeHTOB. 30-
MOpP@dU3M U IKBUBAJIEHTHOCTh CXEM, Olepamnuun
ux npuBeaeHus. OneHKa ducjia (popMyJ1 1 cxeM
B 6asuce {&,V, -}

Paccmorpum Tenepnb Gosiee OOIMyIO 110 CpaBHEHHIO C (hopMyJia-
MU MOJEJIb — MOJEJIb CXEeM U3 (byHKL[I/IOHaJIbeIX QJIEMEHTOB
(CDD), B KOTOPOI TOCIIEIOBATEIHLHOCTD OMEPAIHil CYTIEPIIO3H-
myu 6as3ucubix DAJI 3aaercss ¢ HOMOIIBIO OPUEHTHPOBAHHOIO
AITUKJITIECKOTO rpada, 0600IIaioniero 1epeBo, n riae BO3MOKHO
MHOT'OKPATHOE HCIIOJIb30BAHUE ITPOMEKYTOUYHBIX PE3YJIbTATOR.
[To cymecrBy COD mosydaeTcss U3 CUCTEMBI JIePEBbEB (cucTe-
MbI (hOpPMYJI) B pe3y/ibTaTe OTOXKJIECTBJIEHUsI HEKOTOPBIX U30-
MOPQHBIX MOJIEPEBbEB (COBIIAJIAIONIMX 1101DOPMYII).

[TycTs Z — cueTHbI yHOpsiioueHHbIH aihaBUT (BBIXOIHBIX )
BII, xoroperit He umeer obmux BII ¢ andasurom X. Como-
craBuM KakjioMmy dyskiponaibHomy cumpoiy (PC) ¢;, @ =

1,...,b, dyukmonasnbHeril s1ement (OD) &;, nmeronuit k; BX0-
JIOB, IPUYEM BXOJy ¢ HOMepOM j cooTBercTByeT j-a BII 2; PAJI
i, e j = 1,..., k;, u omua BeIXOM, HA KOTOpoM 3Ta DAJI pea-

musyercst (eM. puc. 4.1a). YIpOIIeHHbI BapuaHT N300payKeHmst
O3 &; B Bujie BepIIUHBI I'pada ¢ IMOMETKOM ;, B KOTOPYIO BXO-
J4aT ki YIOPSIOYEHHBIX, TO €CTh IIPOHYMEPOBAHHDBIX YHCIaMU
1,..., k; nyr, nokasan Ha puc. 4.1b. IIpu sTom tpesnosraraercs,
qT0 gyra ¢ HomepoMm j, 1 < j < k;, COOTBETCTBYET j-My BXO-
gy O &;. B manbreiieM Mbl, Kak IpaBUjio, He Oy/eM JeIaTh
pazuuniit Mexk1y (PyHKIMOHAIBHBIM CUMBOJIOM (0; U (DYHKIIH-
OHAJIBHBIM 3JIEMEHTOM &;.

Onpeneaenne. Cremoli u3 GyHKUUOHANDHDIT INEMEHTOE HAOD
basucom B Ha3bIBAETCST OPUEHTHPOBAHHASI AIMKJIMIECKAsT YIIO-
PAIOUEHHAs CETh Y., BXOJIHAs BEIOOPKA KOTOPOI COCTOUT U3 BCEX
WCTOKOB Y., & BEPIIUHBI IIOMEYEHBI CJIEIYIOMIIM 00pa30M:

1. raxgomy Bxofy (BbIXOAY) X comocrasiena BIT uz X (co-
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a)
Puc. 4.1: dyskimona bHbIi 2j1eMeHT &;

OTBETCTBEHHO %), SIBJSIOMIAsICS MOMETKOI CBSI3AHHOW ¢
HUM BEDIIVHBI, [IPUYEM PA3JIMYHBIM BXOjaM (BbIXOJaM)
comocraByieHbl paznaudnbie BlI, a yrnopsmodeHHOCTH BEp-
IIIUH BO BXOJIHOW U BBIXOIHON BBIDOPKAX Y. OIIPEJIEIISIeTCS
YIOPSOYEHHOCTRIO COOCTaBIeHHbIX nM BII;

2. KaxkJiasl OTJINYHAA OT UCTOKA BEpIIMHA U CXEMBbI Y IIOMe-
qena OC ¢;, rie k; = d; (v).

SameTnM, 9TO B 0OIIEM CIydae BEPIIUHBI B BBIXOIHOW BBI-
6opke CDD MOryT MOBTOPSTHCSI, TO €CTh OJHONM M TOI YK€ BbI-
XOJTHO BEPIITIHE MOYKET OBITH COMOCTABIEHO HEeCKOMBKO BIT u3
Z. Ecom muozkectBo X = {x;,, ..., 2, } (Z ={%zj,,...,%j,}) co-
CTOUT U3 BCEX BXOIHBIX (COOTBETCTBEHHO BBIXOAHBIX) BII CDD
Y}, MEPEYNC/ICHHBIX B TOPsIJIKE BO3pACTAHMsI UX HOMEPOB B ajl-
dasure X (coorBercrBenno Z), To, B coorBercTBru € §1, Oynem
sanuceiBarh COD ¥ B Buye ¥ = X (X;7) wm ¥ = X (z;2),
riae & = (zi,,...,2,) 1 2 = (%j,,. .., %j,) — HaOOpHI BII, coor-
BETCTBYIOIINEe MHOYXKecTBaM X U Z.

Cxema Y, KOTOpas mojiydaercs u3 jgepea D, CBSI3aHHOTO C
bopmymoit F uz UL, B pesysbraTe 0TOKICCTBICHNS JHCTHEB C
OJ/IMHAKOBBIMU [TOMETKAMHY ¥ IIPUITUCHIBAHUSI €10 KOPHIO BBIXO/I-
noit BIT u3 Z, HazpIBaETCST K6a3UIEPEGOM, COOMBEMCMBYIOULUM
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a)

Puc. 4.2: CO, nonyuennas u3 KBasugepesa Ha puc. 3.2b

Popmyse F. Bamermm, 9TO yKazaHHOE KBAa3UJIEPEBO Y. OIHO-
3HAYHO ompeessieT hopmyny F u ssisiercs CDOD Har 6asrcom
B. 113 sToro kBasumepeBa myTeM «OTOXKIECTBICHUs» (HAIOXKe-
HUsI) ero U30MOP(MHBIX KBA3UIIOIEPEBbEB MOXKHO IMOJIyYaTh U
apyrue CPI, zanatonme dopmysny F. Ha puc. 3.2b noxkazano
KBa3uaepeBo HaJl basucom By ¢ Bxomubivu BIT x1, 29, 3 1 BBI-
xomuo# BII 21, KoTopoe mory4deHo U3 jiepeBa, CONOCTABIEHHOTO
dbopmysie (3.1) u uzobpaxkennoro na puc. 3.2a. Ha puc. 4.2a
npusegena CPD, mosydenHast U3 JAHHOIO KBa3WJEpeBa B pe-
3yJIbTaTe OTOXK/IECTBJIEHUS JIBYX €0 M30MOP(MHBIX KBA3UIIOIIE-
peBbeB, a Ha puc. 4.2b mamo 6ojtee «HATISIIHOE» M300parkeHMe
sroit CPD B BUJIE CHUCTEMBI COEIUHEHHBIX COOTBETCTBYIOIINM
obpazom O,

O6o3HayuM yepes Ug MHOX)KecTBO Bcex CPI Hai Gazucom
B, u mycts UC = Ugo. 3aMeTnM, YTO CUCTEMa KBa3UIEPEBHEB
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¢ oOImIMMM BXOJIaMM, COOTBETCTBYIOIIAs CHUCTeMe (bOpMyJI Ha
basucoM B, apnsiercs CPI man B, eciau BhIXOZAM 3TUX KBa-
3UJIEPEBbEB NIPUINCAHBI pasjandible Bhixogabie BII. B cBsasu ¢
stuM Gopmysbl HaJ B u ux cucrembr OyaeM CIUTATh TaCTHBIM
caydaem COD manx b, mosarasi, 970 mMeeT MECTO BKJIIOUEHHE
u% C ug. Bamernm raxxke, aro CPD X, ¥ € UL, Bxomur B u%’
TOTJIa U TOJILKO TOI/A, KOIJIa BCE CTOKU Y, U TOJBKO OHH, SIB-
JISIIOTCSI €€ BBIXOJAMH, & U3 KayKJIO0i BEPIIUHBLI Y, OTJUYHON OT
€e BXOJIOB U BBIXOJIOB, NCXOJUT OJIHA IyTa.

Omnpenenum  Teneps  dyaKnuoHupopanne CPOPD ¥ =
= Y (x1,...,%n;21,...,2m) Hag Gasucom B. Chauasa uHIYK-
mueit mo ¢, ¢ = 0,1,..., onpemeauM JJIsi KaXKJI0H BEPIITITHBI
v TUIyOMHBI ¢ B cXeMe Y. peajudyemyio B Heil dpopmyny F, =
Fv (x1, ..., x,) roaybunsl g Hag 6asucom B. Ecim ¢ = 0, To ecth
v — BX0x X, nojpoxum F, = x;, rae x; — bxoanas BII, como-
craByieHHast Bepmute v. [lycTh Teneph v — BepuInHa TIIyOUHDBI
q, q = 1, cxeMmbl X, KOTOpasi UMEET MOMETKY (; U B KOTOPYIO
BXOIUT k; JyT, mpudeM jyra ¢ HomepoMm j, 1 < j < k;, mcxoaut
U3 BEPIIUHLI Uj IJIyOUHBI ¢j, TJie y2Ke peaju3oBaHa (GopMysa
F; = Fy; raybunsl gj, a g 9uCen ¢, q1, ..., G; BBIIOJHE-

o (2.2). Torma B Bepumae v peanusyercs dbopmyna F = F,
Buzia (2.1), koropast umeer rry6uny ¢. IIpu srom cumraercs,
gro B Beprmie v COD X peaausyemea PAJ f(x1,...,zy),
ecau OAJI f peamusyercss dpopmynoit F,, u aro COD X pea-
ausyem cucmemy PAJI F, F = (f1,..., fm), win pearusyem
cucmemy byaeswvixr ypasrwenuld z1 = f1, ..., Zm = fm, €cin
fi» J = 1,...,m, — ®AJI, peanusoBaHHasg B TOIl BBIXOIHOI
sepruae COI ¥, koropoit npunucana BII z;.

SaMeTnM, 9TO KBa3WIEPEBO, KOTOPOE COOTBETCTBYET (hOp-
myne F, peammuzytoreit GAJI f, a Takxke jobas CDOI, mosry-
JeHHAas U3 HEro OTOXKJECTBJIEHUEM U30MOPQHBIX KBA3UIIOJIE-
peBbeB, peanusyer u popmyiny F, u PAJI f. Tak, CPI Ha puc.
4.2 peammzyer dopmyiy (3.1) u OAJI 3%0’2’3} (z1,x2,x3), WiIn
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{0,2,3}

YPaBHEHHE 2] = Sg (71,72, 73).

B coorBercrun ¢ §1 e COD cumrarorcss n30MOpGHBIMHE,
eciu OHU M30MOPQHBI KaK IOMeUeHHbIE I'Padbl, 1 SKBUBAJIEHT-
HBIMU, €CJT OHU peau3yioT pasuble cucrembl PAJI. 3amernm,
qro CDI Beera SKBUBAJIEHTHA CHCTEMe (POPMYJI, Pean3yeMbIX
€10 Ha CBOUX BBIXOJAX. 3AMETUM TaKyKe, 9TO M3MEHEHHe HyMe-
pamuu JIyr, BXOASIuX B Takyko BepiuHy v CDOI X, KoTopoil
comoctaBien P &; ¢ cummerpuaeckoit PAJI ¢;, He uzMens-
er OAJI, peasmsyemyro B BepIMHE v, a 3HAUUT, HEe BJIUIET HA
dyukmmonuposanne Y. CXeMbl, TIOIyJaIONuecs ApyT U3 Ipyra
B pe3yJsibTare YKa3aHHBIX MPe00pa3s0BaHUil, HA3BIBAIOTCS KEG3U-
UBOMOPPHVLMU, & HOMEPA, YT, BXOJSIINX B BEPIIUHY U C CHUM-
merpuueckoit @AJI, kKak mpaBusio, He YKa3bIBAIOTCs. JIerko Bu-
JIeTh, YTO B COOTBETCTBYIOIIUX JIPYT JPYTy BEPIIMHAX U30MOPd-
HBIX (KBaszuu3oMopdubix) CPD peaynsyoTcs oJMHAKOBbIE (CO-
OTBETCTBEHHO MO/I00HBIE) (DOPMYJIbI, & 3HAYUT, U OJMHAKOBBIE
DAJIL. CuenoBaresbho, jBe u3oMopdHble (KBa3un30MOpQHbIE)
CDD skBuBaJIeHTHBI, TO ecTh it CDPD crpaBeIuBo HEPaBEH-
crso (1.7).

Bepmnaa COD HazbiBaeTcst ucA4el, €CIM OHA SIBJISIETCS
CTOKOM, HO He SIBJISIETCsI BBIXOJOM cxeMbl. Cxema Ha3bIBaeTCst
npueedernoti, eCii B Hell HET BUCSIUX BEPIIUH. 3aMETHM, UTO
cucreMa popmyst sBisercs npusesenunoit CPD, u 4aTo u3 Jo-
6oit CDID MOXKHO TOJYIUTH SKBUBAJEHTHYIO €l IPUBEIEHHYO
CD3 ¢ noMOIIBIO OIIEPAITIH YIAAEHUA BUCAYUL SEPUUN. FaMe-
TUM TakxKe, 9To npuseieHHble CPD, U TOJIBKO OHH, IMOJIyda-
TOTCSI U3 CUCTEM KBa3UIEPEBLEB B PE3YILTATE OTOXKICCTBICHUS
HEKOTOPBIX HU30MOP(MHBIX KBa3UIIOJIEPEBbEB, U UTO B IIPUBE-
neaHbix CPD Bce BEPIIMHBI JI€XKAT HA IEMAX, UIYIIAX OT BXO-
JIOB CXEMBI K €€ BBIXOJIaM.

Taxeke kak u 771 hopmya, st kaxkaoin COI X, ¥ € Ug,
OIIpeJIe/ UM CJIeIyIone napamerpbl ((DyHKIMOHATBI CII0KHO-
cTH):
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1. L(X) — caoorcnocmoy X, To ectb unciio Beex ee O,

2. D(¥) — aaybuna X, To ecThb MaKCUMaJIbHAsl [JIyOUHA ee
BEPIIHH.

3. R(X) — pame X, TO €CTh YHUCJIO JIYT,HCXOAIINX U3 €€ BXO-
JIOB.

Jlemma 3.1 o606mmaercs st COD cirey oM 06pa3oM.

JIemma 4.1. Jaa npusedennot COD X, ¥ € UC, ¢ odnum
6LT000M, GBINONHAIOMCA HEPAGEHCTNEA

R(E)< Lgy (D) +1<L(T)+1<2P®) (4.1)
ede Lg,y — wucno @I & uV 6 X.

C cosiepzKaTesIbHON TOYKU 3PEHUsT Pa3/IMIHble (DYHKIINOHA-
JIBI CJIO?KHOCTH OTPAaXKalOT Pa3JUYHBbIC IapaMeTPhl MOACIUpPY-
€MbBIX CXEeM WU TporpamMMm. Tak, HAIpUMep, CJIOKHOCTb MO-
JKeT XapaKTepHU30BaTh CTOMMOCTb, PasMEphbl WU IIOTpebJisie-
Myto morHocth CBUC, a Takske BpeMsl BBITIOJHEHHUS IPOIPaM-
MBI Ha OJHOM IIporeccope. IIpm 3ToM 3ameprKKa CXeMbl XapaK-
repusyer BpeMs cpabareiBanusg CBUC win BpeMst BLIIOIHEHIS
IPOrpaMMbl Ha, IIapaJlIe/IbHBIX IIPOIECCOpax. PaHr ¢XeMbl OT-
paxKaeT 4YuCI0 OOpalleHuil IporpaMMbl K IIAMSTH, B KOTOPOI
XpaHATCS 3HaYeHns BXoaHbIX BIT u T

O6osmaunm gepes U (L, n) n UL [D, n] muoxectso dopmyn
F = F(x1,...,2z,) Hay 6asucom B, st koropeix L (F) < L u
D (F) < D, upuiem unjexc By 6yzeM, Kak 00BITHO, OIYCKATE.
BameTuM, 4TO U3 HepaBeHCTBA (3.2) BBITEKAET BKJIIOUEHUE

U® [D,n] CU® (2P - 1,n). (4.2)
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Jlemma 4.2. Jlas a06vx Hamypasvhoix n, L, D evinoansom-
CA HEPaBERCMEA

[U® (L,n)| < (10n)"*, (4.3)

JU® (L, n)|| < (8n)"*, (4.4)
U® D, n]|| < (8n)* . (4.5)
U (D, ]| +

Jloxasamenvcmeo. OneHNM CBEPXY YHCIIO MOIAPHO HE N30MOpd-
HBIX (IIOIIADHO HE KBa3MU30MOPMHBIX) (HDOPMYyJ BO MHOXKECTBE
U® (L,n). s Toro, 9To6BI 331aTh ¢ TOYHOCTBLIO /10 H30MOD-
dbusma ynopsgouennoe gepeso D, coorsercTByoniee dopmyiie
F, T € U® (L,n), nocrarouno:

1. BBIOpaTh yHOpsI09eHHOE JBOMYHOEe KopHeBoe jiepeso D’ ¢
q, q¢ < L, HeIMCTOBBIMU BEPIINHAMEI, B KOTOPOM BEPIIUHbI
¢ ToJIycTenenplo 3axoa 2 nomevdensl OC &, V;

2. Kaxkpiil ncroxk D’ momerurs onmoit us BII xq, ..., z,, &
BEPIIUHBI C MToJIycTenenbio 3axoga 1 — OC .

[TporyMepyeM MHOXKeCTBO HeJMCTOBBIX BepluH Aepesa D’ unc-
jgamu 1, 2,..., ¢ B 0OpaTHOM OTHOCUTEILHO €CTECTBEHHON Hy-
mepanuu 7 (cM. §1) mopsijike U COOCTABUM KaxK/0ii TaKoil Bep-
IMHE v ¢ HoJIycTelenbio 3axoa d, d € [1,2] mabop a, o € BY,

rae « = (o,..., @g) 1 oj = 1 TOrma U TOJIBKO TOIJA, KOIZA
Jlyra, ¢ HOMEPOM j, BXOJAIASA B U, HAYUHAETCS C JIACTA JIepe-
Ba D’. Bamerum, uro wabop v = (y1,..., VL), TA€ Y — Ha-

0op, COMOCTABIEHHBIN BepimmHe ¢ HOMepoM i, ecin 1 < @ < ¢,
I HPOU3BOJIBHBIA Habop u3 obbemunenus B' U B? B ciayuae
i > ¢, a Takyke Habop @C & u V, NpUNIHCAHHBIX TEM BEpPIIHHAM
v;, 1 < i < L, n1st KoTophix y; € B2, oiH03Ha4HO onpe/ieiser
nepeso D’ ¢ TouHocThO 10 M30MOPdU3MA.

CileoBaTenbLHO, 9UCIO YHOPSAIOYeHHBIX AepeBbes D' pac-
cMaTpHBaeMoro Buaa He 6oubire, dem 107, a dumcso roJrydae-
MBIX 13 Hero jepebes D He Gosbire, dem n-T! rak kak B cuiay
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JeMMEbI 3.1

R(F)<L+1

[TepemHOXKast yKa3aHHbBIE YHUCIa, MOIydaeM oleHKy (4.3). Onen-
Ka (4.4) 10Ka3bIBACTCS AHAJIOTHYHO C yIETOM TOTO, YTO IIPU CHsl-
TUM HyMeparuu ¢ Jayr jgepesa D') To ectb mpu paccMoTpeHun
dbopMyT ¢ TOYHOCTBIO JI0 KBasuM30MOPGU3Ma, JIBOUYHbIC Ha-
GOpPBI JUINHBL 2, COIIOCTABJIEHHBIE €I0 BEPIIMHAM , MOXKHO BBIOH-
parb u3 muoxkecrsa {(00), (01), (11)} u nosromy unc/io Heymo-
psiloUeHHBIX JiepeBbe D’ paceMaTpuBaeMoro Bujia He GoJibIIe,
qem 8L

Hepagencrso (4.5) Beirekaer u3 (4.4) u (4.2).

JlemMa JoKa3aHa. O

Cnencrsue 1. Yucao nonapno me x6a3uu3oMopPruLr Gopmyi
¢ nodnamuimu ompuvaruamu om BIT X (n) panea ne 6oavue,
R

wem R, ne npesocrodum (12n)".

HeiicrBuTeIbHO, cortocTaBuM dopmyste F ykazannoro suga pop-
myny F us u*{P&’V} ot BIl z1, ..., x9,, KOTOpas mOIyJaeTCsI U3
F samenoil kax1oii eé noxdopmyisl T;, ¢ € [1,n], dopmyioii
Zjtn W JJIs KOTOPOIi, B cuity (3.2)

L(F)=R(F)—-1<L-1

C y49éTOM 3THX COOTHOIIEHUI U3 JIOKA3ATEJIHCTBA JIEMMBbI BbI-
TEeKaeT, YTO YKCJIO IIOIApPHO He KBAa3HU30MOPMHLIX (POPMYJI BU-
na F', KoTopoe, 0U4eBHIHO, PABHO UCKOMOMY YHCJIY, He OOJIbIIe,
aem (12n)7.

Jlemma 4.3. /Jlaa a0bvix namypasvnoxr n u L evinoanaemca
HEPaseHcmeo

|UC (L, n)|| < (8 (L +n))~t. (4.6)

oxazamesvcmeo. 3aMeTnm, UTO JjIst TOTO, 9T00bI 3371aTh CDI
¥, ¥ € U (L, n), ¢ TounocTpio 10 KBazum3oMopduaMa 1ocTa-
TOYHO:
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1. BBIOpaTh €€ OCTOBHOE HeyNopsiA0oYeHHoe Haaepeso D’ ¢

¢, ¢ < L, HeJTUCTOBBIMU BEPIIMHAMU, KOTOPBIE ITOMEYEHbI
OC 6aszuca by;

2. IPUCOCIUHUTD KazKAblil et D’ mubo K o1HOMY U3 1 BXO-
J10B X, MO0 K OJIHOI M3 HEJUCTOBBLIX BepmmH D’ oTimd-
HOH OT KOPHSH.

Omnenka (4.6) mosyvdaeTcs U3 IPUBEJICHHON B JieMMe 4.2 OIeHKH
uncia jgepesbes D' U OIEHKM Ynca Cloco00B TPUCOEIMHEHIS
KazKJ10T'0 JINCTa @l HyTel\/[ X IMepeMHOXKeHMA.

JlemMa mokaszaHa. OJ

§5 DkBuUBaJIeHTHBIE Ipeobpa3oBaHus cxeM u3 PyHK-
UOHAJBHBIX 9JIEMEHTOB U MOJEJINPOBAHNE C UX
MMOMOIIbIO SKBUBAJIEHTHBIX ITpeobpa3oBaHuii pop-
myJs. MoaesmimpoBaHue 3KBUBAJIEHTHBIX ITPe0D-
pa3oBaHuit GopMyJI U CXeM B pPa3JIMIHBIX Oa-
3ucax, TeopeMa mepexoja

Pacnipocrpanum BBeJieHHBIE B §2 TOHATUSA U O0O3HAYEHUA Ha
pou3BOJIbHLIN Kjaacc cxeM U. B cooTBeTcTBUU C ompejeieHu-
avu 13 §2 skBuBaseHTHOCTL cxeMm X' u X' m3 U nmeer mecrto
TOIJIa M TOJILKO TOrja, Korja Y’ u Y peajmsyloT paBHBIE CH-
crembr (Marpuier) GAJIL. Ilpu sToM, 00BITHO, TIPEITIOIATAETCS,
9TO COOTBETCTBYIOIIUE JPYT JIPYTY TOMIOCA (BBIXOJBI, BXOJIbI) B
¥ u X" umeror oguHaKOBBIe TIOMETKH, & 9KBUBAJICHTHOCTD X/ 1
¥" zanmcpIBaeTCsa B BUJE TOXKIECTBA

t: X ~%"

Hnsg cxem u3 U, kak u jjist HOPMYJI, OIPEIEISIETCS Pl
<IPOCTEHITNX» IPeodPa30BaHUl, COXPAHSIONINX SKBUBAJIEHTHOCTD
€XeM, KOTOpbIe Ha3bIBalOTCH nodcmanoskamu. ToxmecTBo

(RN
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KOTOpOe HOJIydaeTcss B Pe3yJbTaTe MPUMEHeHHs OJHOH U Toit
JKe TOJICTAHOBKH K 00eMM dacTaM ToxkaecTsa t : X' ~ Y na-
3BIBacTCH nodcmanoskoti mooicdecmea t. Cxema Y/ HazbIBaercd
nodcremotl cremwv, X, €ClIn

VE)YCV(E), EXE)CE®)

u ynobas BepmmHa v, v € V(X'), koropast 60 OTHOCHTCS K
MHOZKECTBY BXOZIOB (BBIXO/IOB) X, JIHOO CIIy?KUT KOHETHOIT (COOT-
BETCTBEHHO HAYAJIBHON) BEPIIMHOII HekoToporo pebpa 3 F(X)\
E(Y), aBngercs BXomoM (COOTBETCTBEHHO BBIXOIOM) Y.

Bynem cumrarh, uro juist cxem u3 U, Kak u Jjisi (hOPMy.I,
HMeeT MEeCTO IPHMHIMII S9KBUBAJIEHTHON 3aMEHbI, TO €CTb 3aMe-
HsIsT TIOJICXEMY Y __cXeMbl ¥ 9KBUBAJICHTHOI eil cxeMmoit S/ Ml
MOJTy9a€eM CXEMY Z, KOTOpas dKBUBAJIEHTHA cxeMe Y. [Ipu sTom
BCe BBEJIEHHDBIE B §2 JJIsT CJIydasi 9KBUBAJEHTHBIX Mpeobpa3oBa-
HUit popMyIT oHsATHS (OHOKPATHASI U KPATHASI BHIBOIUMOCTD,
[OJTHOTA CHCTEMBI TOXKJECTB ¥ JIP.), & TaKyKe CBA3AHHbIE C HU-
Mu 0DO3HAUYeHUsT TepeHocaTcst Ha, caydait III cxem uz U Ge3
U3MeHeHn. 3aMeTHM, ITO BOIPOC O CYTIECTBOBAHUN KOHETHOMN
nostaol cucreMbl ToxKecTB (KIICT) siBjisiercst oJfHUM U3 OCHOB-
HBIX BOIIPOCOB, CBA3AHHBIX ¢ n3ydenneM I cxem u3 3aaHHOTO
kiracca U.

Paccmorpum st Bonpocs! Ha mpumepe I COD. Mbr 6yiem
HCTOJIB30BATH BCE BBEJEHHDIE BBIIIE OOIINE TOHATHS W ONpeie-
Jtenust, Kacatoruecst D11 cxem, canrast nozjcranoskoit COD rre-
penMeHoBaHue (C BO3MOYKHBIM OTOXKJECTBJIEHHEM) €€ BXOHBIX
BII u nepenmvenoBanue (¢ BO3MOXKHBIM J1yOJIMPOBAHUEM U CHsl-
tem') ee BeIxOAHBIX BII.

Hanmomunm, 910 (HOPMYJIBI IPEACTABISAIOT CODON TaCTHBIN
ciaydait COD, u [y onpeiesieHHOCTH OyIeM CIUTaTh, ITO JIIo-
bast hpopmyna F us u% siBJIsieTcst (popmyJioii-ciioom (eMm. §2); a

Tlon my6mmposanuem (crsiTiem) Bhxoma 2; COD MOHMMAaeTCs: HaHece-
HIEe Ha BEPIIWHY C IIOMETKON z; eIne oaHoi BbrxomgHoi BIT (COOTBeTCTBeHHO
yIAJEeHUe C HEE IIOMETKH 2;)
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Z1 Z2 Zq Z2
~ - - ~Y L]
zZ1
1 2 & \Y
z1 v z1
a) b)

Puc. 5.1: Toxmecrsa % u tll_lg

COOTBETCTBYIOIIYIO eii hopMmyy-rpad, T. e. KBasuepeso (cu. §3),
Oyaem obozHauarh yepes F. Ilpu stom Toxecrsy t: F' = F”,
rie 7' u F” —copmymnnr w3z US, GyseT cooTBETCTBOBATH TOXK-
necteo t 1 F' ~ F" rne I u F’ — coorsercrBytomue ' u F
cxempl n3 UY, sIBIISTIONTEECs] «CXeMHBIM» aHAJIOTOM TOXKIECTBA t.
MuoxkecrBo CPD Buma F, rne F € § C qu), OyaeM 0603HAYATH
Jepes §, a CHCTeMy TOXKJIeCTB BuJa t, rae t € 7, a T — CHCTEMA
TOXK/JIECCTB /1 u%, — uepes 7. Tak, na puc. 5.1a u 5.1b npuse-
JIeHbBI TOXK/IeCTBa 1yl 1 t{{g, SIBJISTIOIIAECS CXEMHBIMI aHAJIOTaME

BBEIEHHBIX BbIIIE (DOPMYJILHLIX TOXKIECTB t% u tgg.

Ha puc. 5.2a u 5.2b mokazaHbl TOXKJIECTBO 6EMEACHUA t]g’i
1 TOXKJIECTBO CHATUSN tgi O PYHKYUOHANBHO20 dnemenma E;, 1 €
[1,b], cooTBeTCTBEHHO, a HA pHUC. 5.2C — TOXKJIECTBO CHAMUA
6zoda t$ . 3aMeTnM, UTO IPHMEHEHHe TOXKICCTBA CHITHS DaB-
HOCHJILHO BBIIIOJIHEHUIO OIEPALNN YAAJEeHUs BUCSUIEl BEPITHHBI
coorBercTByOmero tumna (cm. §7). 3amerum TakxkKe, 4TO TOXK-
JIeCTBa tlg’i, tgi, tg HE SIBJISIIOTCS aHaJI0TaMu (DOPMYJIBHBIX TOXK-

X
JEeCTB U IIOJIOZKHNM

7—1133 = {t?i}i):l ’ T}g = {tgi}i)=1 U {tEX} .
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Puc. 5.2: TO2K/I€CTBa BETBJICHUA, CHATHUSA D u cuarus BXOa

O4eBHIHO, YTO € MOMOIIBLIO STUX TOXKJIECTB MOKHO M30ABUTHCSI
OT BCEX BUCAYMX BEPIIUH U BCEX BHYTPEHHUX BETBJICHUM, MMe-
romuxcst B CO. Crenoaresnbho, a1 goboit COD X, 3 € Ug,
cymecryer DIl una ¥ = F, rne F — dopmyna (cucrema
{rCrB}

do ug

pumyi) uz UE.

IIycrn, namee, F r? F — onnokparuoe I mius dopmyn uz

UL, ryie ToxIeCTRO t MMeeT BHI
!/ Z
t: F(xy,...,zn) =F" (1,...,2p),

a dopmyaa F rosiygaercst u3 gopmysibl F 3aMeHo moadop-
myasl F (Fq, ..., Fp) bdopmymnoit F' (Fq, ..., F,). Conocrasum
3TOMY 91} «Mogzenupyoiiees ero onHokparnoe DI COD Bu-
na F = Y (em. pue. 5.3). 3ameTnm, 9TO B TOM CIydae, KOTJa



44 I'maBa 2. OcHOBHDBIE KJTACCHI YIPABJISIIOIIHX CUCTEM

-

¥ 5

Puc. 5.3: mogenuposanue 11 ¢popmys ¢ nomompio I COI

dbopmynsr F' u F’ apnaiorca GecioBropHbIME (POPMYJIAMHU, a
BII x1,...,x, — ux cymecrBeaabiMu BII, CPD ) COBIIa 1A~
er ¢ COD F”. B ocraibHbBIX Claydagx U3 10a(OpMyJIbl BHIA
F (F1,...,Fn) dopmyasr F HE0OGXOAUMO € IOMOIIBIO TOXKIECTB
71133 cchopmuposath cuauasa nogcxemy F (Fy,...,F,), a 3aTem
IPUMEHNUTL TOXKAecTBO t. [Ipu sTom B COD ) MOI'YT HOSBATHCS
BUCSYHe BEPUIMHBL UM BHYTPEHHNUE <«BETBJIEHHUs», I TOI/a /115
repexojia, OT Sk TF HeobxoauMo mpoBectu DI Buga s = F.
{r¢,mB}

CanemoBaresnbho, st soboro DI suga F = F , e F, Fe ug,
T

cyiecTByeT Mojesimpytoriee ero D11 Buma

F B F
{TTB,TB}

Ha puc. 5.4 mokazamo DII COD u3 UC, koropoe momemmpyer
DIT (2.3) ana bopmya uz UP:

X1 (xgﬂ?g VoV 53) f;{) X1 (5621’3 N xg) 0—) xq.
t& 1 &

W3 onucannoro Brile crocoba «MopeaupoBanusi» D11 dop-
Myt ¢ iomoripio DI CPD, a Takxke criocoba nepexona oT dop-
Myst K CO u obparHo Ha ocHOBe DIl ¢ MOMOIIBIO TOXKIECTB
™, TBC BBITEKAET CIIPABEIJINBOCTD CJIELYIOIIETO YTBEPKIEHMSI.
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Zq ) z3 x1 T2 T3
- & &
& vV — —
tl\/[ - tB
& &
\Y V
& &
21 z1
1 ) x3
&
T1 29 w3
b 71
Y B 1 & = 2
tg 0% < 2
V
&
z1

Puc. 5.4: mpumep moxpesimpoBanrus D11 dpopmysn ¢ momornipio I

Cod
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Teopema 5.1. Fcau 7 — KoHeuHAA NOAHAA CUCTEMA MOHC-
decme daa DI gopmya us UL, mo {L 7€, TB} — KOHEUHAA
noanas cucmema mositcoecms oas 11 CDPD us ug.

Caencrsue. Cucmema mooicdecms {IOCH, 7B, TC} — KIICT

ona I CDI uz UC.

PaccvoTpuM Jrasiee BOIIPOCHI CTPYKTYPHOT'O MOJIEJIMPOBAHUST
dopmyn B pasamaHbix Oasmucax. Ilycts mommmo 6Gaszuca B =
b . . o
= {yi},_; y HaC uMeeTcs APYTroii KOHEUHBIH HOJHBIN 6a3mc

B = {4)0;}?:1, u nycrs dopmyna P <z1, . ,:L'k;) u3 UE,, rie
ki > k;, peanusyer ®AJI ¢;, i = 1,...,b. Bamernm, uTo B
ciayuaae ki > k; BII xp, 41, ..., 2 saBisiorcs GukrusabivMu BIT

dbopmyist ;. ITonoxum
' = (D),..., %), I = (11,....11) ,

rae IT; — roxpecrso Buga ¢; = @), i =1,...,b, u dpopmyss u3
&’ (roxnectsa uz II') Gymem HasbiBaTh gopmyaamu (COOTBET-
CTBEHHO mooicdecmeamu) nepexoda om 6basuca B x 6asucy B'.

Hna dopmymsr F, F € UL, obosmaumm wepes 11’ (F)
dbopmyny man 6asucom B’ koropas momyuaerca mz F zame-
HOIt Kaxk/oit ee moxdopmyist Buga ¢; (F1,...,Fy,) dopmyoit
P! (9’1, s Ty Thyg1s - - s Ty |, TO €CTD ABJIACTCS PE3YIBTATOM
nozcranoBku dopmyist F; Bmecro BIL x5 B dopmyiny @ nis
Beex j, j = 1,..., k;. lepexon ot hopmynbt F k hopmyste I (F)
Oy/ieM HA3BIBATH CMPYKMYPHHIM MOOEAUPOSAHUEM HopMmyv, F
6 6basuce B’ na ocnose opmya nepexoda ® wmnm, wnaue, wa
ocrnose mooicoecmé nepexoda II'. BameTum, 9TO 3TOT HEpexos
SIBJIsteTCsT crenuaabubiM D11 Buma

SL"I;;H/(H’)

st popmyas Hag 6azucom B U B’ Orciona ciiesyer, B uacTHO-
CTH, UTO B Pe3yJIbTaTe YKa3aHHOTO CTPYKTYPHOI'O MOJIEJINPOBA-
HUsI 00enX YacTell TOXKJIECTBa t, SIBJIAIOMNXCS (DOPMYyJIaMu U3
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u%, noJiydaercss Toxjaecrso t' s bopMmys us ug,, KOTOpOe

MBI Oysiem obosHadaTh depes 11 (t). Muoxkectso dbopmMyn Buga
I (F), e F € § C U, 6ynem oboznadars uepes 1T (), a
MHOZKeCTBO TOXKecTB Buga I’ (t), rme ¢ € T — TOXKIECTBO HA
UL, — uepes IT (7).

PaccmoTpuMm  Temepb Bonpochl Mogesuposanusa D11 dop-
My B 6asuce B ¢ nomomsio I dbopmyn 6asuca B'. Ilycrs
P = (P,...,P}) — cucrema dopmys nepexoma or Gasuca b
6asucy B', a II' = (II}, ..., II}) — cucrema TOXKIECTB IEPEXoa,
cesazannas ¢ P’ Bamernm, uro moboe DI s dpopmys us UqB’,
UMeIoIee BU/T

F= 7, (5.1)

MOYKET OBITH «IIPOMOJIEIMPOBAHO» ¢ TTOMOIIBIO I msa dpopmyn
u3 UE, BUIA

FeF, (5.2)

rie F = I (F), ¥ = I(F) u 7 = I (7). deiicrsurensho,
nycrs III (5.1) aBastercst ognokparusiM D11 Ha ocHOBe TOXK 1€
cTBa t, ¢ € T, KOTOpOE UMeeT BUJI,

t: A(xy,...,xq) =B (T1,...,24),

1 nycTb popMyJIa F [OJIy9aeTCsl B pe3y/ibTare 3aMeHbl o1(op-
myatst A (F1, ..., Fy) dopmymnsr F bopmyioit B (Fy,. .., F,). To-

ria roxaectso t' = IT' (t) umeer Bug
t: W (zy,...,21) =B (21,...,24),

rie A = I (A) u B’ = I (B), a dopmysa F Moxer 6bTh
nosyuena u3 dpopmyast F' B pesyabrare 3aMeHbl ee 101(opMy-
aer A ( ’1,...,3'“(’1), rne F; = 1I'(F;) ana seex j, j € [1,4],
dbopmynoit B’ (F,...,F,). Monemmposanue xparnoro I su-
1a (5.1) ¢ momommpio kparaoro I Buga (5.2) ocymecTBisiercs
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IlyTeM [10C/IeI0BATEILHOIO MOIEINPOBAHUS OJHOKpATHBIX DI,
cocrasisitomux DI (5.1).

Onuncannoe BbIIIE MO/JICJIMPOBaHUE IIO3BOJIAET BBIIOJHATH

P
B
Ha/JljiezKaT MHO2KECTBY H/ (uqé), TO €CTb ABJIAIOTCA «MOJECIAMM»

dbopmyt mz UL, na ocnose cucremsr Toxects 11 (1), apisio-
IUXCsT «MOJIEISIMU» TOXKJIECTB U3 7. Jljist Toro 4robbl mMpoBo-
b DI 1711 mpon3BOIBHBIX (POPMYJT U3 qu’, C UCIIOJIb30BAHU-
em cucrembl Toxkjects I1' (7), BoIGepeM Kakyio-imubo cucremy
dbopmyn nepexoma ® = (®q,...,Py) or 6asuca B’ x Gaszucy
B u paccMoTpuM CBsI3aHHYIO ¢ Heill CHCTEMY TOXKJIECTB ITIepe-

OII st Tex sKBUBaJIEHTHBIX (hopmysa u3z UR,, KOTOpble IIpu-

xoma IT = (I, ..., Iy). IIycrs II — cucreMa TOXKJIECTB BHIA
IT = I’ (IT) oyt D11 bopmyn 3 U(IB’,, KOTOPAs MOJIyIaeTCs B pe-

3yJibTaTe CTPYKTYPHOI'O MOJEJTUPOBAHUS MPABBIX YacTeil TOXK-
nects u3 II Ha ocHoBe cucrembl Toxkects 11, JIis n1ponssoib-
noit popmynsr F, F € UL, nonoxum

I () =1 (IL(9))
nu SaMeTI/IM7 910

FaF=1(F), Fecll(Ug).

II

B cuny ckazaHHOTO BLIIIE, OTCIONA BBITEKAET CIPABEIMBOCTD
CJIETYIOIIEr0 YTBEPIK/IeHUSI.

Teopema 5.2 (reopema mnepexona). [lyemv T — KIICT dan
I popmyna u3 U‘IB’, a II' w I — cucmemwv, moocdecme 0as
nepexoda om 6asuca B x 6azucy B’ u om 6asuca B’ % 6azucy B
coomsememeenno. Toeda cucmema mootcdecms {I1' (1) , 11 (I1) }
asasemea KIICT oas I11 gopmyn us U%.

CaencrBue. U3z cucmemv, mooicdecms 7°% dasa I dopmyan
uz U (cm. §3) yrazanmwm 6 meopeme cnocobom mosicno no-
aywums KIICT dan I gopmya 6 arobom basuce B.
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AnajornuuaniM 06pa3soM Ha OCHOBE TeopeMbl 5.1 perraiorcs
porpocsl nocrpoerust KIICT muss 911 COD B npousBoibHOM
basuce.

§6 KoHTaKTHBIE CX€MbI M T-CXE€Mbl, UX N30MOP-
du3M, 3KBUBAJIEHTHOCTb, CJIOXKHOCTb, OIlepa-
AU TPUBEJEHUsI, CTPYKTYPHOE MOJIeJIMpOBa-
Hue popmyit u m-cxem. O1eHKM 91CcIa KOHTAKT-
HBIX cxeM u m-cxeM. OcobeHHOCTU (DYHKITMOHU-
POBaHUS MHOTOMOJIIOCHBIX CXE€M

PaccMoTpuM KitacCc KOHTAKTHBIX CXEM, B KOTOPBIX PEAJIN3AIHS
DAJI ocyrmecTBisIeTCs HE ¢ TIOMOIIBIO MTPEOHPAZOBAHUST BXO/I-
HBIX 3HAYEHUIN B BBIXOJHBIE, KAK 9TO MPOUCXOUT, HAIIPIMED, B
cxemax u3 (byHKIMOHAJIBHBIX 3JieMeHTOB (cM. §4), a B pe3yJib-
TaTe Mepemadn 3HaUeHuit mo pebpam rpada, TPOBOIANMOCTHIO
KOTOPOTO «ylpaBJaioT» Bxoaubie BII. Pebpo nmm ayra rpada c
HOMeTKON ; (T;) HA3bIBAETCS 3AMbIKANOULUM (COOTBETCTBEHHO
pasmoikaroujum) kourakrom BII z; (em. puc. 6.1).

= g

vVe———eoU Ve—oU Veoe——oeU
a) b) c)

Puc. 6.1: Tunbl KoHTaKTOB

Cunraercst, 9ro KOHTaKT Buga =7, o € {0,1}, mposBoaut
TOrJIa U TOJBKO TOTJA, KOTJa T; = O, IPUYEM OPUEHTUPOBAH-
HBIJI KOHTAKT, TO €CTh KOHTAKT, CBA3aHHBIN C Jyroil, IPOBOAUT
TOJIBKO B COOTBETCTBYIOIIEM HAIIPABJICHUML.

C TOuYKM 3peHusl yIpaBJeHUsl ITPOBOIUMOCTBIO HEOPUEH-
TUPOBAHHBI pas3MbIKaroNmil (3ambikaronumit) kouraktT BII x;
dbyuximonupyer kak p-MOII (coorsercreenro n-MOII) Tpan-
3HCTOpP, Ha 3aTBOp KoToporo mocrymnaer BII z; (cm. puc. 6.2a
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T T

1 i

UJILu v._fTLu
a) b)

Puc. 6.2: pusudeckas naTEpIipeTarus KOHTAKTOB

u 6.2b), a aHAJOMMYHBII OPUEHTUPOBAHHBI KOHTAKT — KakK
MOII-Tpansucrop coorBercTByIoONiero tuna ¢ guogom Illort-
ku [17, 23|. Kpome TOro, oOpueHTHpOBAHHDIA KOHTAKT BHIA X7,
uAymuit u3 BepIIMHbI v B BepmuHy u (cMm. puc. 6.1c), gacto
pPacCMATPUBAIOT KaK KOMAHJy YCJIOBHOIO IEpexoja U3 v B U,
KOTOPBIN BBITIOJHSIETCS, €CITH L = 0.

Cerb X ¢ BXOJIAME @, - . . , 4, M BBIXOJAMH @Y, . . . , Gy, B KOTO-
poit Bce pebpa (Lyrn) moMedeHbl IePeMEHHBIME L], . . . , Ly, WA
UX OTPUIAHUSAMU T1,...,Tp, HA3bIBAETCS (P, q)-KOHMAKMHOU
cremot (KC) om BI xi,...,x, n obo3nadaercas X =
=3 (x1,...,T) wim X = Z(xl,...,:En;a/l,...,a;);a’l’,...,ag).
IIpu 3TOM YKMC/IO0 KOHTAKTOB Ha3bIBaeTCs caooichocmovio KC X
u obozuauaercst yepes L (X). Ha puc. 6.3a—c nmoka3anbl HEKOTO-
poie koukperable KC or BII 1, 29, 3 ¢ BXOJIOM a1 1 BBIXOIaMU
as, as.

IIycrs ¥ — KC or BIl X (n) v a = (a1,...,0p) — Ha-
6op u3z B™. Oupegnenum ceTb Y|, Kak CeTb, MOJIYYAIONLYIOCS
u3 ¥ B pesysbTare yJajeHus Bcex pebep (ayr) ¢ moMeTraMu
w?l, .oy, 8" TO ecTh pebep, KOTOpbIe HE MPOBOJAAT Ha HAbO-
pe «, U CHATHS IIOMETOK C OCTAJILHBIX pebep Y. [ljst BepinuH
v u u KC X BBemeM ¢ynryuio nposodumocmu om 6epusttbl v
x eepuwune u kak PAJL gy, (z1,...,2y), KOTOpas pasBHa 1 Ha
nabope a = (aq,...,q,) € B™ Torja u TOJBKO TOTJA, KOTJIA
B ceTu Y|, cymecrByer (v — w)-Iellb, TO €CTh TOrJa U TOJIb-
KO TOTJ&, KOTJIa B Y UMEETCS Telb U3 MPOBOJSINNX Ha Habope
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U3
1 X2
ai a2
1 T2
a) b)
ai T L2 L3 as
z3
z3
v x1 T2 T3 02

Puc. 6.3: nekoropsie KC or BII z1, z2, x3

@ KOHTaKTOB BHAA 217, ..., 0", uaymas u3 v B u. Byzxem ro-
Boputhb Takxke, uyro PAJI g, , aBnagerca dynryueld docmuorcu-
MOCTNY, BEPULUMDL U U3 BEPWUHDL U, WIN, UHAYTE, PEGAU3YEMCA
mencdy eepuunamy v u u. U3 onpesiesienus ciemyer, 9To Jist
naxoxaenust PAJL gy, (21,...,2Ty) HAOCTATOYHO IPOCMOTPETH
Bce HAOOPBI v, € B™, 1 JiJIsl KaXKJIOr0 M3 HUX BBIICHUTH Ha-
JITYUE WX OTCYTCTBHE B Y IEIIU, COCTOSIIEH U3 MPOBOISIINX
Ha Habope (v KOHTAKTOB, KOTOpas UJeT U3 v B 4. Tak, mpocMar-
puBasi Bce Habopb! 3uadenuit BII x1, xo, MOXKHO yOequThCa B
toM, uro PAJI mpoBOAUMOCTH Gy, 4, (21, 22) B KC X, nokaszan-
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Hoil Ha puc. 6.3a, paBHa =1 © w2, a PAJI npoBorUMOCTH Gyyy 4y,
pasHa 0.

Byaem cuanrtats, Wro B Kaxkzgoit Bepmmue (1, m)-KC
(21, ooy Tp; a1; a2, -y Q1) peamusyercs PAJI nposoju-
MOCTH OT BXOJa a1 K 9TOH BepIIMHE W UTO Y peamn3y-
er cucremy PAJl F = (f1,..., fm), tae f; — PAJI mpo-
BOJMMOCTH OT @1 K BBIXOLY C IIOMETKO# aji1, j € [1, m].
[Ipu srom, oueBwmno, B BepmmHe a1 peaqusyercs PAJI 1,
KOTOPYIO B JaJIbHEHIIIeM [0 yMOJYAHUI OyIeM HUCIOIb30-
BaTh B KadecTBe HOMeTKH eauHcrsennoro sxoma (1, m)-KC.
Tax, KC, wusobpakennble Ha puc. 6.3a, 6.3b u 6.3c, pe-
amm3yior DPAJl z1 & xo, H (x1, 2, x3) um nabop DAJI
(x1 @ xo ® x3, T1 ® T2 ® w3 B 1) coorBercrBenno. Ha puc. 6.4a
nokazana (1,2")-KC D (z1,...,2,;1;a0,...,a2n_1), KOTOpas
nasbiBaercs (1, 2™)-konmaxmmovim depesom nopsodka n or BIT
X (n). Jlerko BujeTh, YTO B BBIXOJHOW BEpIIMHE a;, 1 =
0,...2" — 1, sroro kourakrroro jepesa (K/I) peasmusyercs DK
Buga x]' - xfr, e v (o1, ...,0n) = (i — 1), n aro DAJI npo-
BOJIMMOCTH MEXK/Ly JIIOOBIME €ro Bhixojamu paBHa 0. Takum 00-
pasowm, (1,2")-K/I nopsizika n siBjisiercst emmdpaTopoM mopsiji-
Ka 1, TO €CTh CXeMOU, peajusymomnieil cucreMy (), u3 Bcex K
panra n or BII X (n).

Cxembl X/ n Y cunralorcs, Kak 00bIYHO, U30MOPHHOLMU, €C-
JIn ©30MOPMHBI COOTBETCTBYIONINE UM TI'DAdbI, U IKEUSAAEHI-
HHLMU, €CJTH OHM peaiu3yioT pasHbie cucreMbl DAJI. Vzomopd-
ubie KC, o1eBuiHO, 9KBUBAJIEHTHDI.

Hna wmmoxkectBa €, €OCTOANIETO U3 KOHTAKTOB BHIA

w?ll,...,ajg: B KC 3, ompenemum ero gynryuto nposodumo-
cmu K (C) n gynrxyuwo omdesumocmu J (C) xax PAJI Bu-
Ja l’?ll x;’: u :Uzl V...V xir coorBeTcTBeHHO. lIpm sTOM
MHO)KecTBO C' HasbIBaeTCst nposodawsum (0moesumvLm), eCiu
K (C)#0 (J(C) # 1), u nysesvim (COOTBETCTBEHHO eQuMuy-
HbLM) B IIDOTUBHOM CJIydae. 3aMeTUM, 4TO B pe3yJbTrare Ipu-

Besiennst mo00HbIX (cM. §2) ormmanas ot 0 PAJI K (C) u or-



§6 KonrakTHable cxeMbl U TT-CXeMBbI, OIICHKa HUX 4YHucJia

53

Fn, 00
Tn
T2 ai
x1
T2 o1 on
1 T2 473 = Tn
1
2 - agn 2
n
n Neagn_q
a)
ag Tn
al Tn T
1
To a
T2
1
X
agn_9 T 2
agn_1 e

b)

Puc. 6.4: (1,2")- u (2", 1)- KOHTaKTHBIE JIePEBbsl OPsiJIKA 7



54 I'maBa 2. OcHOBHDBIE KJTACCHI YIPABJISIIOIIHX CUCTEM

muuanast or 1 @AJI J (C) moryr 6biTh npeobpazosatbl B 9K u
91 coorsercrBenHo. OYEBUIHO, TAKIKE, YTO

K(CY>K(C) u J(C)<J(C),

ecm C' C C.

U3 BBejenubIx omnpezesnennii (cM. takxke §1) ciemyer, 4To
DAJI g, peamuzyemast KC X (21, . .., xy; a1;a2), obpammaercs B 1
(obpamaercs B 0) Ha HAGOpe o, o € B™, Torua u TOJILKO TOJIA,
KOIJIa B Y CYIIECTBYET MHOXKECTBO KOHTaKTOB C, obpa3syroliee
IPOCTYIO TPOBOJSAILYIO (a1 — ag)-1ienb (COOTBETCTBEHHO TYIIU-
KOBOe oTiennmoe (a1|az))-cedenne), aist koroporo K (C) =1
(coorBercrenno J (C) = 0) nma nabope a. Takum obpasom,

g(xlv-“vxn):K(Cl)\/...\/K(Ct):
—J(S)&...&T(S)), (6.1)

rme Cq,...,Cy n S1,..., 5, — BCe IPOCTBHIE IPOBOISIIIE
(a1 — ag)-1ienn U BCce TYNHMKOBBIE OTJeJUMBbIe (ai|ag)-cedeHust
KC X.

Bamerum, uto nepsasi u3 dpopmyi (6.1) MokeT GbITH TPEOH-
pazoBana B JIH®, a sropas — B KH®, B pe3ynbrarte npuse;ie-
Hus 0/100HBIX (eM. §2), eciin g £ 0 u g £ 1 COOTBETCTBEHHO.
Tax, 8 KC, mokazannoit Ha puc. 6.3b, mMeoTca Tpu IpoCThIe
nposogsiue nenu Cq, Co u Cg, KoTopble UAYT U3 a1 B ag. Ilpu
9TOM

K (Cl) = X1Z2x3, K (02) = X1T2T1 = T1X2, K(Cg) = I1r3

u, cjaeaoBaTeJIbHO,

g (z1,22,23) = T1x023 V 2122 V 2123 =

=z129 V X223V 2301 = H (1:1, .CEQ,xg) .
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C1

Ch

Puc. 6.5: KC, monenupytormue JJTHO® u KHO

PaccmoTpuM Teneps IapaJuiebHO-I0CIeI0BaTe IbHbIe NN,
UHAaYe, T-CXeMbl, KOTOPbIE SBJSIOTCA 9acTHBIM ciaydaeM KC.

[Mpocreitmeit m-cxemoit cuantaercs mobas (1,1)-KC, xo-
TOpasi COCTOMT W3 OJHOTO KOHTAKTa, COCIUHSIONIErO MOJIOCA
(cm. puc. 6.6a). Ecam m-cxembl ¥ u Yo yiKe OLpeeJIeHbI, TO
(1,1)-KC ¥’ (¥"), koropas mosydaercsi B pe3yJbrare UX Ia-
paJlIeJILHOTO  (COOTBETCTBEHHO II0CJIE/I0OBATEIBHOIO) COE/[IHE-
uust (cM. puc. 6.6b n 6.6¢) Toxke ABIIETCS T-CXEMOIL. 3aMeTnM,
9TO TIPU ITOM BXOJ (BbIXOM) Y ABJISETCS PE3YJIBTATOM OTOK-
JIECTBJIEHHsI BXOJIOB (COOTBETCTBEHHO BBIXOJOB) 1 M g, TO-
rja Kak BXojgoM X/ siBjigeTcs BXOJ Y1, BBIXOAOM Y — BBIXOJ
Y9, a BBIXOI % OTOXKIECTBJISIETCS C BXOIOM Y9 M CTAHOBUTCSI
BHyTpeHHeit Bepmmnoil ¥”. JIerko BUIETh, UTO T-CXeMa, MOKa-
saHHas Ha puc. 6.6a, peamusyer PAJT 27, a m-cxembr ¥/ u X
(em. puc. 6.6b u 6.6c) — DAJL f1V fo u f1& fo coorBercTBeHHO,
rie f1 m fo — OAJI, peanuzyemble T-CXeMaMHU ] U g COOT-
BETCTBEHHO.

Jlemma 6.1. /10601 T-cxeme Y MOHCHO CONOCMABUMD IKBUBA-
aermaapo eti gopmyay F uz UP ¢ nodnamomu ompuvanuamu
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ol
a1 O———OQ a2 .ooap as

Puc. 6.6: K onpenesieHnIo m-cxeMbl

makyro, wmo R (F) = L () u obpammo.

Zloxasameavcmeso. Iloctpoum dpopmyny F unaykiueit mo cTpo-
eHmio m-cxeMbl 2. Ecim X — npocreiimas w-cxema BUJa Ty, TO
nojoxkuM F = xf. Eciam m-cxemam X1 u Yg yKe COIOCTaBJIe-
HbI popMyabl F1 u Fy ¢ TOOHATHIMEA OTPUIIAHUSIME, TO T-CXEME
¥ (¥"), nonyvaromeiicss B pe3yJbTare NapajieJbHoro (CooT-
BETCTBEHHO II0CJIE/IOBATEIHLHOTO) COCIUHEHNsT Y1 M Y9, COIO-
crasum dhopmyny F = Fy V Fy (coorsercrienno F' = F1&Fs).
IIpm sTom

R(F)=R(F") = R(F1) + R(F2)
u, cjaeaoBaTe/IbHO, IO HHAYKTUBHOMY IIPEAIIOJIO?KEHUIO,
R(F)=R(F")=L(Z1)+L (%) =L().

AHaJOrUIHBIM 00Pa30M, HHIYKIHEH 110 cTpoeHnto (hopmysibl F
C TMOJHSITBIME OTPUIIAHUSIME MOYKHO HANTH SKBHBAJEHTHYIO €l
m-cxemy X rakyto, uro L (X) = R (F).

JlemMa mokaszaHa. ]
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Ha puc 6.7a nmokasana m-cxema, koropas peaymusyer OAJI
H (z1,x2,x3) u coorBercTBYeT (hOPMYIIE:

H (z1,22,23) = x1 (x2 V 23) V 2223,

a Ha puc. 6.7b — m-cxema, KOTOpas MOCTPOEHA HA OCHOBE KOH-
TakTHOTO JiepeBa u peajuzyer OAJI p, — MyJIbTUILIEKCOPHYTO
®AJI nopstaka n, — B COOTBETCTBUH ¢ (DOPMYJIOH

Hn ($17' -y Tny YO, - - 73/2"71) =

— o1 02 g
- \/ .’171 \/ 332 \/ l‘nnyy(glr'wo’n)

o1€B oo€B on€B

Cxema, wmojenupyioriast cosepiennyio JIH® @DAJI f,
HazbpiBaeTcst xanonuyeckoti KC mrs sroit GAJI

Byzaem nazpBats (1, m)-KC npusedennot, ecim Bce n3omm-
POBAHHBIE BEPIIMHBI Y. SIBJISTIOTCS €€ TIOJIIOCAMU, & BCE KOHTAKThI
1 OCTaJIbHBIE BEPIIUHBI Y IPUHAJIEXKAT ITPOCTHIM ITPOBOISIIIIIIM
TETSIM, COEJIMHSIIONIMM ee BXo/| U Bbixosbl. [Ipu srom KC f], KO-
Topast mosydaercsa u3z KC X yaajleHneM «JIUITHAX», TO €CTb HE
MPUHAIEXKAIINX TIEMsIM YKA3aHHOTO BUJA, HETOJIOCHBIX BEp-
OIMH 1 KOHTaKTOB, fABJISACTCHA SKBUBAJIEHTHOMI Z HpHBeﬂeHHOﬁ
KC Taxoit, uto L(3) < L (X). 3amery, uro npusegennas KC
HE COJIEPXKUT IeTe/ib, a npuBesiennas KC, He peasusyomnas Hy-
seBbix ®AJI, aBistercs cBsasubiM rpadom. Tax, KC, mokazan-
Hast Ha puc. 6.3c, He sIBJISIETCsI IPUBEJIEHHOM, 8 COOTBETCTBYIO-
mas et npusenennas KC moydaercs m3 Hee yaajgeHuEM Bep-
IITUHBL V.

PaccMoTpuM Teneps HEKOTOPBIE OLEHKH YHUCJIa KOHTAKTHBIX
cxeM pazsmanex tunos. Iyers UK o U™ — muoxkectso Becex KC
N3 HEOPHUEHTUPOBAHHBIX KOHTAKTOB N MHOXKECTBO BCEX 7TT-CXEM
coorsercTBerHo. Ecm U — ofiH 13 yKa3aHHBIX KITACCOB CXEM,
10 qepes UA (L, n) Gyem 0603HaMATH MHOYKECTBO IPHBEICHHBIX
(1,1)-cxem ¥ u3 UA or BIT X (n), s koroperx L (X) < L. s
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a1 Q O az

2
al Fa
1

b)

Puc. 6.7: npumepnr w-cxem
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Jiroboro muozkecTBa cxeM U B coorsercruu ¢ §1 yepes |U| u ||U||
OymeM Mo-upekHeMy 0003HAYATH YUCJIO MOMAPHO HE U30MOPd-
HBIX U HOIMAPHO He SKBUBAJEHTHBIX cxeM B U COOTBETCTBEHHO.
[Tpu 3TOM 151 J1IOGOrO M3 BBEJIEHHBIX BBINIE MHOXKECTB CXEM
HepaBeHcTBO (1.7) Oy/IeT BBITOJIHATHCS.

JlemMma 6.2. IIpu a06vix namypasvinr L u n evinoansemcs
HEPABEHCMEO
U™ (L, n)|| < (12n)". (6.2)
Zloxasamesvcmeo. B cuny stemmbr 6.1, 10CTATOYHO T0Ka3aTh,
9TO YUCJIO TONAPHO HE dKBUBaJIEHTHBIX (hopmyn F (1, ..., Ty)
C TOJHATHLIMUA OTPHUIAHUSIMU HaJ 6azumcoMm DBy, s KOTOPBIX
R(F) < L, ue npesocxomur (12n)*. Tpebyemas ouenka Bol-
TEeKaeT U3 CJAeACTBUS K jemMMme 4.2,

JlemMma mokaszaHa. OJ

JlemMma 6.3. IIpu ar06vix namypasviur L u n evnoansemcs
HEPAGEHCTNBO

U (L, n)|| < (8nL)".

Hoxazameavcmeo. Bozbmem  npomsposibHyio  KC % =
= Y(x1,...,Tp;a1502), ¥ € UK(L,n), n Boyesum B Heit
ocTopHOe zHepeBo D ¢ KopHeM as Tak, 4ToObl B D BolLI BCe
MHIUJIEHTHBIE (o KOHTAKTBHI X, a BEPIIUHA a1 ObLIa jucTtoM D.
[Tycts, nanee, D' — ceasannoe ¢ D ocrosnoe mamuepeso KC
3, KOTOpOE IMOJIyYaeTCs IMyTeM MPUCOEIUHEHUsI KarKJI0ro W3
e somemx B D pebep X K OHONE U3 CBOUX KOHIIEBBLIX BEp-
nmH, oTdHOit or a1 (em. §1). Pacemorpum opueHTHpOBaHHOE
yropsiodennoe jiepeso D’ monyuatomeecs uz D’ Bpenenu-
eM (YCJIOBHOI) OpUEHTAIMH BCEX ero pebep 10 HAIPABJIEHUIO K
KOPHIO M TAKUM UX YIIOPSIOYEHUEM, [P KOTOPOM BEPINUHA (11
craHoBuTCs nepsbiM suctom D7 (em. §1).

Bamerum, 9To umncso pebep (BepruH, aucThes) gepesa D’
He Goubrie, yem L (coorBercrBenno L + 1, L), u mostomy, B
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custy (1.4), 4MCIO TAaKUX JIEPEBbEB C YyYETOM IIOMETOK UX pe-
6ep CUMBOJIAMH T1, . .., Tn, T1,..., Tn He Gombire, dem (8n)L.
Bamerum Takxke, uro KC ¥ MoxKeT ObITH HOJIy4YeHa B pesy/bTa-
Te IpHCOoeMHEeHNs KazKIoro Jjucta jgepesa D’ K ojaHoil U3 ero
BEPIIHUH, OTJIUYHON OT ao. CileoBaTebHo,

UK (L, n)|| < [UW¥(L,n)| < (8nL)*.
JlemMa Jl0Ka3aHa. O

PaccmorpuMm, B 3akiodeHue, OCOOGEHHOCTH dyHKITMOHM-
poBarmss KC ¢ HeckoIbKHME BXOJaMu. bymeM cuurars,
gro B KaxKjoil Bepmmue (p,q)-KC ¥ peamusyercss cros-
Gen,, cocrapiaeHublii w3 p DAJI mpoBoaMMOCTH OT BXOIOB
> k oroit Bepmwmue, a cama KC ¥ peanusyer wmarpuity,
KOTOpasi COCTOUT W3 ¢ CTOJIOIOB, PeaJM30BAHHLIX Ha ee
BBIXOJIaX. Takum obpasom, dbyakmuonupoBanne KC ¥ =
=Y (x1, ..., zp; af, ..., s Y5 - a;’) npeJcTaBiasger coboit
marpuny F' = F (21,...,2,) C p CTPOKAMU, ¢ CTOJOIAME U JIe-
MenTamu u3 Po(n), aus koropoit F (i, j) — ®AJI, peanusyemast
Mexay aj u aj, tae i € [1,p] m j € [1,q], To ecTh mpu Jro-
6oM o, o € B™, marpuna F («) siBjisiercsi MaTpuIeil JJOCTHKI-
MocTu cetu Xl,. B uacraocTu, dynknmonuposanue (1,q)-KC
npejicrasisier coboit Habop (crpoky) u3z g PAJI mposoaumo-
CTH OT ee BXOJIa K BbIXojaM, a dyHKImonuposanue (p, 1)-KC —
crosber u3 p PAJI HpoBOAUMOCTH OT €€ BXOJIOB K BBIXO.LY.

Tak, KC ¥ (21, x2, x3; a1, v; a2, as), TOKa3aHHAsT Ha PUCYH-

ke 6.3¢ peanusyeT MaTpUILy [53 53} or BIT X (3), a na puc. 6.4b
3

I3
npusezieo (2", 1)-KJI nopsinka n or BII X (n), koropoe ume-

er Bug D (zy,...,2n;0a0,...,02n_1;a) U peajnu3yeT CTOJIOEI] U3
Beex DK muOXKecTBa (), YIOPSJIOYEHHBIX CBEPXY BHU3 110 BO3-
PACTAHMIO UX HOMEPOB.

B cooreercrBum ¢ obmmvu npaBmwiamu w3 §l, QyHK-
muonnpoBanne KC ¥ = X (z1,...,Tp; a1, ..., Gy) C



§7. DKBUBaJIEHTHBIE TPEOOPA30BAHHUS KOHTAKTHBIX CXEM 61

HEPA3J/IEJIEHHBIMU  TIOJIIOCAME  OIIPEJIeJisieTcss  Kak  (PYHK-
mmonnpoBanne KC ¢ pasmeseHHBIME  TIOJIOCAMHU  BHUIA
Y (Z1, ey Xn; A1y ety Qs A1y ..o, Q). B 9TOM crlydae mMaTpu-
na F' aeisierca pedieKCUBHONM W TPAH3UTUBHON MATPHUIEH, a
€CcJiu, KPOMe TOr0, Y. — HEOPUEHTUPOBAHHAs CETh, TO U — CUM-
METPUIHON MaTpuiieif. 3aMeTuM Tak»Ke, 9TO (PYHKIIMOHUPOBA-
aue (1,1)-KC u3 HeopueHTHPOBAHHBIX KOHTAKTOB TIO CYIIECTBY
HE OTJInIaeTcs 0T (DYHKITMOHUPOBAHUST COOTBETCTBYIOIIEH JIBYX-
nostioctoit KC ¢ Hepaz/ie/IeHHbIMU TTOJTIOCAMH.

B gacrrocTn, nokazannas Ha puc. 6.3¢ KC ¢ nepaseneHHbI-
11313
MU IIOJIIOCAMU a1, G2, G3 peanmusyer marpuny |lz 1 0 |, KC us

301
TO2XKIECTBEHHBIX BCPIIHNH DeEaJIM3yeT €IUHUIHYIO MaTPHUILY, €C-

JIN KazKJIasd €€ BEPIINHA, ABJIACTCH BXOJIOM U BBIXOJOM C OIHUM
U TeM K€ HOMEPOM U T. JI.

C napyroii cTOpoHBI, 00asi CHUMMETPUIECKAs, TPAH3UTHB-
nas u pedpiiekcusnas matpuna F, F € (P (n))™"™, peanuzyer-
ca KC X = ¥ (x1,...,2p;01,...,0y), KOTOpasK IPEJICTABIISET
coboii oobenunenne Becex KC Xy = Xy (21, ..., 2n; a4, a5), TI€
1<i<j<m, a KC X;; aBrgerca m-cxeMoil U IIOCTPOEHA TIO
cosepriernoit JTH® ®AJI F (i, j) u cuauraercs KanoHu4eckot
KC mampuuyw, F.

§7 DOkBuUBaJIeHTHBIE ITPEOOPA30OBAHNS KOHTAKTHBIX
cxeM. OCHOBHBIE TOXK/IECTBA, BBIBO/
BCIIOMOTaTEJbHBIX U 000OINEHHBIX TOXKJIECTB

Pacemorpunm Bompocer DI maa KC w3z UK ¢ mepasnerennbr-
mu (GecrioBTOpHBIMK) moJIOcaMu. B coorBercTBHmM ¢ §1 9K-
suBasientnoctb KC X' = ¥/ (zq,...,2p5a1,...,ap,) n X7 =
¥ (x1,...,%p;01,...,0y), TO €CTHb CHPABETINBOCTD TOXKIECTBA
t Y ~ ¥ osnauaer, 4ro Jyist M06OBIX i U j U3 orpeska [1,m]
DAJT uposogumocru or a; K a; B KC X/ pasna PAJI nposouu-
moctu or a; K aj B KC X", Ha puc. 7.1a-7.1e u 7.1f npuseze-
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tli

to :

ts :

[ ] ~ @

1 x9 T2 x1
O———=O ~ O———oO
1 2 1 2

x1 T
O———O ~ @) O
1 2 1 2
xo T
T2
1 2 1 2
) T1

Puc. 7.1: ocuosubie Tox)IecTBa st KC
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-~ x1

Puc. 7.2: mojgcraHOBKY [1JIsT OCHOBHBIX TOXKJIECTB

HBI Mapbl 95kBUBaJIeHTHBIX KC, 0bpa3yforue ToxaecTBa t1—ts 1
m
té ), m = 1,2,..., COOTBETCTBEHHO, KOTOPbIE MBI OyIeM Ha3bI-

BaTh ocHosHuiMU mostcdecmeamu mist DT KC.

Omnpenernm noncranoBky it KC kak mepenmenoBanue (c
BO3MOXKHBIM OTOXKJIECTBJIEHHEM U wuHBepTupoBanuem) BII) a
TaK2Ke IIepenMeHOBaHNue (C BO3MOXKHBIM OTOXKJ/IECTBJICHUCM U1
CHSITHEM ) IIOJIFOCOB. 3aMETHM, 4TO IIPUMEHSIsI OJIHY U TY Ke HOJI-
CTaHOBKY K JBYM 3KBUBaJICHTHbBIM KC, MBI TTIOJIYYUM 3KBHBA-
seatabie KC. IlefictBurenbro, mist nepeumenoBanusi BII u rre-
peNMeHOBaHUS 0e3 OTOYKIECTBJIEHUS [TOJTFOCOB 9TO OYEBUJIHO, a
B CJIyYae OTOXKIECTBJICHUS TTOTIOCOB 9KBUBAJIEHTHOCTD TTOJTyda-
embix KC BbITeKaer u3 toro, uro mMarpuna jgocrmkumocta KC,
SIBJISTIOTIEHCST PE3YIBTATOM OTKJECTBICHMUST, OJHO3ZHATHO OTpe-
Jiesisiercst Mmarpuiieit nocruxkumoctu ucxoauoit KC. Ha puc. 7.2a
(7.2b) moka3zaHa MOICTAHOBKA 14 TOXKIECTBA 14 (COOTBETCTBEH-
HO {5 TOXKICCTBA t5), cBszaHHas ¢ nepenMenoBanueMm BII zo B
x1 (coorBercTBEHHO MOMOCOB 1 =3 B 1).

TTonsrue noacxemol st KC u3 paccMarpuBaeMoro Kjiacca
OTIPEJIETISIETCST AHAJIOTMIHO §5 ¢ yYeTOM Hepa3/IeJeHHOCTH IT0-
JIIOCOB. DTO o3Ha4aeT, 4To Jyis nojcxembl X KC Y umeer me-

cro Britouenne V(X') C V(X) n E(Y) € E(X), a noaocamu
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Y apnsrorcs Bee npuHaexamue eit nomoca KC Yu Bee Te ee
BEPINUHBI, KOTOPbIE MHIMIEHTHBI B Y. pebpam u3 E(X) \ F (YY),
1, BOBMOXKHO, HEKOTOpBIE JIPyrue BepHInHbl. [Ipu TakoM orpe-
JIeJIEHUU TIOJCXEMBI JIjIs paccMaTpupaeMoro kKiacca KC Oyaer
BBIIOJTHSITHCA TPUHITAI SKBUBAJIECHTHON 3aMEHDI.

Paccmorpum nipumepbl D11 KOHTaAKTHBIX CXEM C ITOMOIIBIO
CHUCTEMBI OCHOBHBIX TOxKIecTB. Ha pmc. 7.3a—7.3e mpuBeneHbI
TOXKIeCTBa t7—t11, KOTOPhIE MbI OyJIeM Ha3bIBATH BCNOMO20-
menvHvmu. TOXITECTBO t1) HA3LIBAIOT MHOTJIA TOXKIECTBOM 3a-
MBIKAHUS 110 TPAH3UTUBHOCTH, & TOXKJIECTBO t1] — <«JIEMMOI» O
3Be371e.

Jlemma 7.1. Umeem mecmo evisodumocmv {t; — ts, tél), t(()?)} =
{t7 — —t11}.

Joxasameabcmeo. 3aMeTUM, 9TO BBIBOJIMMOCTD {t5,té1)} = t7
JOKa3bIBAETCST IPUMEHEHNEM TOXKIEeCTBA, tél) K IpaBoil TacTu
TOXKJIECTBA 15 (cMm. puc. 7.2a) il yJaajieHusl U3 Hee «BUCSUe-
ro» IUKJIa JIUHbL 1. BeIBOIMMOCTD TOXKIECTB tg—t11 U3 OCHOB-
HBIX TOXKJECTB {t] — t5, tél),t((f)} rokaszaHa Ha puc. 7.4-7.7 co-
OTBETCTBEHHO, TJIe X; U Y; — JieBasi U [paBast YacTH TOXKIECTBA

ti, 1 € [8,11] ]

O606mmM ToxkmectBa t1—t1; Ha caydait KC or BII X (n),
e n > 2. g kaxgoro i, i € [1,2"], conocrapum DK Bu-
ga x]t - xfr, e v(o1,...,0,) = i — 1, MOJEIHPYIOILYIO ee

[EMTOUKY Ii(n) (cm. §6), u mycThb

=1, iel,2", I = Ion:
™ V=r iel1,2v], I'=1I, i
Ii(n72) — I{/’ i c [172’&—2] , I// — Ié/n—Q-
Cucremy Toxaects 7 = {tgn), e ,tg?)}, rie tgn) =14, t(6n) —

(n)

COOTBETCTBYIOIIEE OCHOBHOE TOXKIeCTBO (cM. puc. 7.1f), t5 7 —
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tr: O——O

tg :

th .

tll :

- 2
1 xr
1
X9 3
@)
1
1
1 2
T T
3

Puc. 7.3: Bcmomorarenbuble ToXXAecTBa, 1151 KC
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g — =
tg 1 ts 1 x2 t3
x1 T2 T2 1

Puc. 7.4: BeiBOZ, t3

xr1
29 — ﬂrl——) 29
tr 1

t{?

Puc. 7.5: BeiBOZ 9

. — 210
t5

210 —
t7 z1

Puc. 7.6: BeiBOZ t19
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2

Puc. 7.7: BoiBOZ 111

CHCTEeMa, COCTOsIIAsl U3 TOXKJECTB, MOKA3aHHBIX Ha PHUC. 7.8a,
e I — mpou3BoIbHAS MEPECTAHOBKA IEMOYKN [, a OCTAJIbHBIE
TOXKJIECTBA, IPUBEICHBI Ha, puc. 7.8b—7.81, OymeM Ha3BIBATL CU-
cTeMoit 0bobwerHbLT mosicdecma nopadra n. Ilpu sToMm cucrema
Tn = {tl, ..., ts, tél), o ,tén)} CYATAETCsI CUCTEMOI OCHOBHBIX
TOXKJIECTB MOPSIJIKA 70, & CHCTEMa BCEX OCHOBHBIX TOXKJIECTB 000-
3HAYAETC IE€PE3 Too-

JlemMma 7.2. IIpun>2 umeem mecmo 6u600umocmy Ty, = 7M.

,ﬂonasameﬂbcmeo. OrMmernM cHagasa cjleJyromnue o4eBuIHbIC
BBIBOJIMMOCTH:

{2} =5, {to) = 45",

(n)
i
mn, n=n;,raeny =ns =1ung =ng = 2. Bazuc sroit

BoiBomumocts 7, =t 7, ¢ = 8,3,4,5, mOKaxkeM HHIyKITHei

WHIYKIINU COCTaBJISIET TOYXKJECTBO t; = tz(ni), 1 = 8,3,4,5, a
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2

tén) :

tfln) :

5

t(7") :

tém :

tém :

4y

Puc

t("> :

t("> :

. 7.8: 0600IIIEHHBIE TOXKIECTBA TTopstaka 1 i KC
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2
S ot
1 o

3
Tn—1 2

- & T = z:gn)

ta 1 o 1D 4,

Tn—1 3

Puc. 7.9: BoiBOI tén)

Puc. 7.10: BeIBO, tgn)
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Puc. 7.11: BoiBOS, tfln)

1 I Tn 2 ]. I Tn 2
ts to
I I
3 3
1 I Tn 2
) S—
to t(nfl)
Tn 5
3

Puc. 7.12: BoiBOJ, tén)
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000CHOBAHIE NHAYKTHUBHOI'O Ilepexo/a JaeT BbIBOJUMOCTD IIpa-

En) TOXKIeCTBa tgn)
Egn), oKas3aHHasl Ha puc. 7.9-7.12.

Jlerko BUI€Thb, 9TO BBIBOJAUMOCTHU
(040} =l {0 = ()

npu n > 2 JI0OKa3bIBAIOTCS AaHAJIOTUIHO TOMY, KaK 3TO JIeJIaJ0Ch
Jutst corydast n = 1 (em. puc. 7.6, 7.7).

BOIl 4acTu X% , M > n;, U3 €ro JIeBOH 4acTu

JlemMma mokaszaHa. ]

§8 IToHOTa cucTEMBI OCHOBHBIX TOXKAECTB "
OTCyTCTBHUE KOHEYHOI1 ITOJIHOI CHUCTeMBbI
TOZKJECTB B KJIaCCeé KOHTaKTHbIX CXeM

,HOK&)K@M CHa4YaJla IIOJIHOTY CHCTEeMbl OCHOBHBLIX TOXKIECTB Tog
g D11 KC. st aToro, Kak OOBIYHO, JOCTATOYHO TOKA3ATh,
4T0 ¢ noMombio DI Ha 0CHOBE CHUCTEMBI To, POU3BOJIbHYI0 KC
w3 UK MoKHO mpuBecTH K KaHOHIMYECKOMY BHLy. Harrommmm

(cm. §6), uro kanounveckast KC X(x1, ..., zp;a1, ..., ay), 0in,
nHaye, xkanonuueckas KC nopadka n, npencrasiser coboii 00b-
equnenne kanonmdeckux (1,1)-KC Bunma X4 (21,. .., %n; a4, aj),

[MOCTPOEHHBIX Ha 0cHOBE coBepiieHHbIX JIHD OAJI npoBogumo-
CTH OT a; K aj JJIs BCeX ¢ U J TaKux, 4ro 1 <1 < j < m.

JIrobyto 1enp Ii(n) (em. 87), rue @ € [1,2"], a Takxe J1106y10
IIelb, KOTOPAsl MOJIyYaeTCsd U3 Ii(n) [IEPECTAHOBKOW KOHTAKTOB,
Oy/eM Ha3bIBATH KAHOHUYECKOU UEN®bI Nopadka n. 3aMeTHM,
aro KC & (T1,...,Tp;a1,...,4y) aBisderca Kanonun4deckoit KC
MTOPSIJIKA 7 TOTJIa W TOJIBKO TOIJIa, KOIjia OHa 00JIaJlaeT Ciiery-
IOIIMM CBOMICTBAMMU:

~

1. 1000# KOHTAKT > NPUHAIJIEKUT HEKOTOPON KaHOHMYE-
CKOMl TIeTI TIOPSAJIKA 1, SBJISIONIENCA TTOICXEMOM CXEMBI Y.,
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IIPUYEM IOJTIOCAMU 3TOU TOJACXEMBI CJIyXKaT TOJIBKO KOH-
1eBble BEPIMUHBI JAHHOI Iemn;

2. jyiobast BHYTDPEHHsIS BepIIUHA Y. dABJISETCH BHYTPEHHEN
BEPIMUHON HEKOTOPOH IeNn n3 MyHKTa 1;

3. 8 KC X orcyTcrBytor «Bucsiune IUKJIbI» (CM. TOXKJIECTBO

n
té )) U «IapaJule/ibHbIe» IElH, TO €CTh KAHOHUIEeCKUE IIe-
I TOPSIIKA 7 U3 IIYHKTa 1, KOTOPbIE COEIUHAIOT OTHU U
Te JKe TOJII0Ca U peaju3yioT paBHbie JK;

4. B KC X HeT CyIIecTBEHHBIX TPAH3UTHBIX IIPOBOIMMOCTEN,
o n

TO ecThb HaJIM4Yne Iereil BUa IZ.( ), COEIUHSIONIUX TOJIIOC

@; C IOJTIOCOM @}, U TIOJIIOC @, C TOJIFOCOM ¢y (CM. puc. 8.1a),
BJIEYET HAJIMYIUE LU TAKOrO XKe BUAA, COeQUHAIOMICH 110-

JOC @; ¢ moJocoM a; (eM. puc. 8.1b).

agk

~ ~ ag
by Q % S

Puc. 8.1: k cBoiictBy 4 KC KaHOHUYIECKOTO BUIA

JIemma 8.1. Jlasn wmoboti KC X, 20e ¥ € UX u ¥ =

=Y (21, ..., Tp; A1, - ., Qm), U 210600 sK6USAAEHNMHOT X KC
Y(x1, .oy Tpj a1, - ..y Q) KAHOHUMECK020 6U0A CYULLCTNEYEM
Y = X,

Tn

Hoxazameavcmeo. Ilocrpoum I1I Buna

~

E:§21:§22323:§E4:E,

n ™n Tn Tn
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rne KC 3, ¢ = 1,2, 3,4, ob/iajjaer OTMEIeHHBIME BBIIIE CBO-
crBamu 1, ...,14, ommyaiomumu Kanonundeckue KC. Ilepsoe uz
stux DI umeer Bun

U CBA3aHO C IIPpUMEHEHHEM K KaXKJIOMY KOHTaKTYy TOXKIECTBa

£,

CymecrBoBanne D11

ol = N (8.1)
N ARTRENE)

JIOKAYKeM WHJLYKIIHEil 110 aucity Tex BHyTpeHHux Bepima KC Yy,
KOTOpDBIE He sIBJISIOTCS BHYTPEHHUMHU BEPITUHAMU €€ KaHOHUYe-
cKuX 1erneil. Basuc mHAYKIMT COCTaBIISIIOT CXEMBI Y11, KOTOPBIE
HE UMEIOT YKA3aHHBIX BEPIIUH U JJIsi KOTOPBIX, CJIe0BaTe/IbHO,
Y9 = 3. llycrs Tenepsr KC 31 umeer xoTsi ObI OJIHY BEPITHHY
YKA3aHHOI'O BUJIa W IYCTb ¥ — OJIHA U3 TAKUX BEPIIWH. Ya-
JIIM C TIOMOIIBIO TOXKJIECTBA t((an) BCe IIPUCOEUHEHHBIE K U «BU-
cadne» IMUKJIBl B PacCMOTPHUM Bee ocrasbable renu Cf, ..., Cy,
KOHIIEBOIl BEPINUHON KOTOPBIX OHA siBJjisiercs (cM. puc. 8.2a).
He orpannuamBast obminocT paccykjieHuil, Oy/1eM CInTaThb, ITO
JIJIST HEKOTOPBIX HATYPAJBbHBIX TUCET

ar=1<a < - <ap<ap1 =qg+1

u moboro j, j € [1,p], nemm Cy, ..., C, 1 SABJISIIOTCSI IIEIIsI-

@j+1—
n . .

MU THUIIA, Il-(_ ) — I;;, vne i1, ..., — pasIUvHBIE IMCTA OTPE3KA
J

[1,2"]. IIpuMmeHsisi K KaxKJI0i U3 3TUX P TPYIII Ieleil OHOro TH-

ma TOYKJIECTBO tgq), nosyanm KC XY, B KoTOpOil U3 BepHIINHbI

v BBIXOJIUT TI0 OftHOM Tenu Kaskjoro tuna I;, j € [1,p] (cm.

puc. 8.2b). Ilycrs, nanee, KC XY noayuaercs nz KC X npuco-
(n)

€IMHEHNEM K BEPIIUHE ¥V C IIOMOIIBIO TO2KAECTBa t9 «BHUCAYINUX»
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1;,
=
tén)
Van - Up+1
O @)
— V10 ov, = X
$(m) (n)
3 tl
O
V2
d)
Puc. 8.2: Kk mokazaresbcTBy eMMBI 8.1
neneit Cpy1, ..., Con Beex orcyTeTBYIOMMX cpean Iy, . . ., I;, TH-

noB (cm. puc. 8.2¢), a KC XY nonyuaercs us KC XY B pesynbra-
Te ylaJeHusl C IOMOIIbIO TOXKIeCTBA, tén) BEPILIMHBLI U BMECTE CO
BCEMH <«MHIUICHTHLIMIA» €if NelsMU U yCTPAHEHUs ¢ IOMOIIBIO
TOKJIeCTBa ] 06Pa30BaBIIMXCS IIPU STOM U30JIMPOBAHHBIX BEp-
IINH — KOHIEBBIX BepinuH neneit Cpyq, ..., Con (cM. puc. 8.2d).
ITo unaykTusHoMy npesnosoxenuto pug KC X cymecrsyer
I Buza
v — Sy
{t67. 67,65 457,V }

u, cieposarenbho, s KC Xq cymecrsyer D11 (8.1).
IIepexon or KC Y9 x KC X3 ocyriecTBiasieTcs ¢ TOMOIIHIO
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TOXKIECTB tén) u t(7n), a or KC Y9 k KC X3 — ¢ nomMoIpo Tox-

JIeCTB t(lg) .

Jlemma moxkazaHa. ]

Teopema 8.1. Jlasa mobvix dsyx sxsusarenmuor KC X u X
om BII x1,...,x, cywecmeyem III cuda X' = X",

Tn

Joxazamenvcmeo. Ilyers ¥/ n ¥ — xanonnueckune KC or BIT
Z1,...,%n, 3xkBuBasienTHble KC Y u X" coorsercrsenno. M3

onpenenennii cienyer, aro Y = Y/, n mostomy, B CHIy JIeM-
(n)
t2

™Mbl 8.1, cymecrsyer D11 Buma

3/ — i/ — ﬁ// = -

Tn tg”) Tn
Teopema nokazana. O

Caencrsue 1. Cucmema 1, asasemesa KIICT oas 11 KC us
UK om BIl 1,...,z,.

CaencrBue 2. Cucmema Too Asasemcesa IICT oan I KC us
UK.

Jokazkem Teneps orcyrersue KIICT B xracce UK. Taa KC 2
or BII z1,...,x, n HAbOpa @, a € B™, onpeieinM BeJIUIUHY

O (X, a)=EE)] =V (Zla)] + [c(Zla)]

koropas (cM. §1) 3azaer MUKIOMaTHYECKOE IUCI0 Tpada Xlq,
MOJIy<aeMOT0 U3 Y yJaJeHUeM He IPOBOIANNX Ha Habope «
pé6ep. Tomoxxmm, nastee,

0@ => 0.

aceB"
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JIemma 8.2. Ecau X (x1,...,2,) = X" (x1,...,24), mo
{t1—ts}
OX)=01%"),aecruy = 3", 20ek <n, mo® (X)-0 (X)

Tk
deaumes na 2k,

oxazameavcmeo. Joxkaxkewm, uro O(XN=0(X"), ecou X' —X"
a Toxainent, e 3

i
Jutst mo6oro ¢ u3 orpeska [1, 5]. JeiicrBurensno, nycrts KC 3
noaydaercsa u3 KC Y/ 3amenoii ee nogcxembl i;, KOTOpasl UMe-
eT BHUJI JIEBOI YacTU TOXKJeCTBa t;, Ha COOTBETCTBYIOILYIO €il
[IpaByIO YacThb i;’ 9TOro ToxKIecTBa. HeTpyaHo npoBepuTs, 4To
Jutst Jiroboro 4, @ € [1,5], 9ucsio JIMHEHHO He3aBUCHMBIX IHK-
qo0B rpadoB Y| u X, onuHakoBO Hpu Beex «, « € B" u,
caenoBaresibHo, O (X)) = © (X7).

[Mycts reneps X' = X" npuuem k < n. Ecmn KC X/ co-

T

JIEp>KUT B KadeCTBE nokﬂcxeMbI [UKJI 13 k KOHTAKTOB C OJIHUM
nomocom, To KC Y conepKuT BMECTO HEro OJMH JIMIIL IIO-
moc. PaceMoTpuM MUKJIOMATHIECKOE IHUCI0 CeTH Y| o JIst pas-
JUYHBIX v, € B". Ecim numkn ykasamnoro suma B KC X/
COJIEPKUT KOHTAKTBI, TIOMEUEHHBbIE PA3JIUIHBIMU OYKBaMU O/I-
Hoit m Toit ke BII, To, oueBmmno, mist joboro o, o € B",
O (X')—06 (¥") = 0. B uporusHoM citydae, LyCTb L, . - . , Tjy,
Bce pazymmunble BII, BcTpeuatommmecst cpein MOMETOK YKA3aHHO-
ro IuKJa, opudeM m < k. 3aMeTHM, YTO €CJIU IUKJI IIPOBOIUAT
na nabope a, a € B", To on mpoBoauT un Ha Bcex 2" HabO-
pax, B KOTOPBIX 3HAYEHHSI IEPEMEHHBIX C MHIACKCAMY J1, . . ., jm
COBIIAIAIOT CO 3HAUEHUSIMU COOTBETCTBYIONINX [TEPEMEHHBIX Ha-
6opa «a. Takum 06paszom, pa3HOCTH

oE)-ex) = > (0(FN) -6 ("))

a=(a1 - tn)

nenuTes Ha 2™ U, CiIe0BATENIBHO, AeuTCs Ha 27k

JlemMa mokaszaHa. ]
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TeopeMma 8.2. B xaacce UX ne cywecmeyem xoneunoti noanot
cucmemsv, mostcdecms.

Jloxazamenvcmeo. IlpoBenem 10Ka3aTeIbCTBO OT IIPOTUBHOIO:
nycte 7 — KIICT mma DII KC UK, u myers n — maxcn-
MaJsibHOe umcyio BII, BcTpedaroruxcss B TOXK/IECTBAX CHCTEMBI
7. Torma 7, =% 7 u 7, — KIICT s UK. JlokaxkeM, 49TO
n+1
Tn B té ), s sroro pacemorpum KC Y, cocrosmiyo us
IPOCTOro NUKJIA JUIHHBL (1 + 1), comepzKaiero KOHTaKThl C T10-
MeTrkaMu z;, i € [l,n+ 1], u uMerILyO0 €JINHCTBEHHbI 0
JIIOC C IIOMETKOI 1, KoTopas SBJISIeTCs JIEBOIl 1acTbIO TOXKIECTBA,
n+1 .
té ), Owuepuano, uto eii sxkpusanentHa KC X7, comepkammas
M30JIMPOBAHHLIA moJoc 1, KOTopasl ABJISeTCsS MPaBOil 4acTbIO
n+1 n+1
TOXKJIeCTBa té ). Beam Th = té ), to ¥ = ¥”. Cornacuo
Tn

JIaHHBIM Bblie onpejesenusiM, O (X') = 1, © (¥”) = 0 u pas-
Hocthb © (X') — O (X7) = 1 He genurcst HA 2, 9TO IPOTHUBOPEIUT
(n+1)
yTBepxKIenuto jgemmbl 8.2. Takum obpa3oM, TOXKIECTBO tg
HE BBIBOIUTCS U3 CUCTEMBI Tp, & 3HAYHUT, U U3 cucreMbl 7. OT-
cioja caeayer, 9ro T He MoxkeT saBiaATbess KIICT mrs 91T KC
u3 xracca UK.

Teopema jokazana. ]
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